
Smart Multi-agent Control Systems over 
wireless: Challenges and Perspectives

Luca Schenato
University of  Padova



Outline

n Motivations, target applications & challenges

n Map building: non-parametric regression

n Distributed optimization over lossy networks

n Adaptive Wi-Fi rate selection for control

n Future research agenda and conclusions



Joint work with
Research fellows

Current Ph.D/post-docs:
Ruggero Carli Gianluigi Pillonetto

Andrea Carron
ETH, Switzerland

Marco Todescato
(soon at Bosch, Germany)

Damiano Varagnolo
Lulea Univ., Sweden

Guido Cavraro
Virginia Tech, USANicoletta Bof

Former Ph.D/post-docs:

Enrica Rossi

Subhrakanti Dey
(Univ South Australia)



Outline

n Motivations, target applications & challenges

n Map building: non-parametric regression

n Distributed optimization over lossy networks

n Adaptive Wi-Fi rate selection for control

n Future research agenda and conclusions



The XXI century: a Smart World
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Target applications: 
MAgIC Lab. at University of Padova  
Wireless Sensor 

Actuator Networks

Smart Camera 
Networks

Robotic 
Networks

Smart Energy 
Grids



The challenge cube 
for time-critical smart systems

smart	grids

field	robotics

smart	
buildings
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Some working complex systems
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phones
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A leading paradigm:
ISO layers with few primitives
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Smart multi-agent systems:
an ISO-like paradigm ? 

n Need to seamlessly integrate:
n Communication network(s)
n Sensing and control
n Physical constraints (conservation mass/energy, dynamics)
n Social constraints (markets, policies)

Smart Power Grids Intelligent transportation 



A leading paradigm:
ISO layers with few primitives

ISO Architecture:
(Internet, Mobile Networks, ..)
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Current research agendaConsensus algorithm:  
a primitive for cooperation 

Average  
consensus  Max ??? 

Point-to-point Broadcast Multi-cast 

Time-synch Sensor 
calibration 

??? 

Map  
building 

Application 
layer 

Cooperation 
layer 

??? 

Communication 
layer 

Physical	system
(sensing	&	actuation)

Cyber	system

• WiFi-based	protocols	for	control
• Adaptive	communication&control

rate	via	cross-layer	desing

• Distributed	optimization	over	
unreliable	communication

• Machine-learning	estimation
• Casting	cooperative	estimation	&	

control	as	optimization	problems

Interdisciplinary Approach
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Learning problems:

Density estimation:

Regression:

Classification

Taxi pick-up calls Anomaly detection

Pollution level profile Seabed depth profile

Obstacles map Oil-spill boundary



Multi-agent regression
n Parametric           vs non-parametric

n Cloud-based        vs peer-to-peer

n Global                vs Local estimation

n Static                 vs dynamic maps:
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Multi-agent regression
n Parametric           vs non-parametric

n Cloud-based        vs peer-to-peer

n Global vs Local estimation

n Static                 vs dynamic maps:
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Example: 
Map-building in robotic networks
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Map-building 
as least-squares regression

n Model class:

n Noisy measurements:

n Goal: minimize sum of 
squares of residues

• Xiao-Boyd-Lall, 2005
• Bolognani-Del Favero-Schenato-Varagnolo, 2010



Consensus-based Map-building:
gossip communication 

i

j
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n PROS: 
n Can be distributed
n Gradient-based implementation: 

ADMM, gradient-consensus,
n Extension to robust costs, e.g. || ||1

n CONS: 
n How to select basis functions
n No estimate unless at least M data
n Gradient-based implementations 

require step-size design
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Gaussian regression 
(non parametric)
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Reproducing Kernel Hilbert Spaces 
(RKHS) (con’t)

Bayesian Interpretation:

correlation
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Reproducing Kernel Hilbert Spaces 
(RKHS) (con’t)

Bayesian Interpretation:



Parametric vs non-parametric

regularization term



Parametric vs non-parametric

Number Of measurements
200 400 600 800 1000 1200

R
M

S
E

0

0.05

0.1
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0.3

0.35

Nonparametric
Parametric

• Distributed (consensus)
• Bounded complexity O(M3)  

• Better performance
• Adaptable resolution

• What gi(x) ?
• Need N>M points
• Over-fitting & ill-conditioned 

• Regularization factor design
• Data-limited complexity O(N3)  

PARAMETRIC NON-PARAMETRIC

PROS

CONS
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Representer theorem

Since T is a linear operator à eigenvalues and eigenfunctions



Map-building 
as least-squares regression

n Model class:

n Noisy measurements:

n Goal: minimize sum of 
squares of residues

• Xiao-Boyd-Lall, 2005
• Bolognani-Del Favero-Schenato-Varagnolo, 2010



Semi-parametric estimation
1st IDEA: Use first eigenfunctions as basis function for 

parametric estimation



Semi-parametric estimation (cont’d)
2st IDEA: Use orthonormality of eigenfunctions ϕn and i.i.d. 

sampling of xi



Complexity 
of semi-parametric approaches

has the size of the number of measurements, therefore
it is of order O(S3). The estimator br given in (37) re-
lies on average consensus algorithms to compute the
averages 1/S

PS
i=1

�
CE

i

�T
CE

i and 1/S
PS

i=1

�
CE

i

�T
yi.

Since typical average consensus algorithms require the
storage and exchange of quantities with the same size
of the desired averages at each iteration [40], if they are
performed for a fixed number of iterations, then the com-
munication and memory complexity are given by O(S2)

which is the size of 1/S
PS

i=1

�
CE

i

�T
CE

i . The compu-
tational complexity is dominated by the inversion of a
matrix of size E, and it is therefore of order O(E2). Fi-
nally, the estimator bd given in (38) requires only the
computation of the average 1/S

PS
i=1

�
CE

i

�T
yi and the

inversion and multiplication of a diagonal matrix with a
vector of size E, therefore its communication, memory
and computational complexity is of order O(E). These
considerations are summarized in Table 1.

estimator comput.

cost

commun.

cost

memory

cost

bf(x) O
�
N

3
�

O (N) O (N)

bfE(x) O
�
E

3
�

O
�
E

2
�

O
�
E

2
�

bf I(x) O (E) O (E) O (E)

Table 1
Computational, communication and memory costs associ-
ated to the introduced estimators.

5 Selection of the number of eigenfunctions E

Let E be the maximum admissible value for E, given by
computational complexity and transmission capability
constraints. Since setting E to E could lead to resource
wasting, in this section we derive some guidelines for
a possibly more parsimonious choice exploiting the a
priori information that can be available to the user. We
remark that the strategies reported below provide only
practical indications on the choice of E before seeing the
data. However, the choice of E can be validated using
Algorithm 3 developed in Section 6 after seeing the data.

There are mainly two ways for tuningE before seeing the
data. The first is based only on the kernel K and selects
E based on the cumulative energy of its eigenvalues, as
summarized in Algorithm 1.

Algorithm 1 Selection of E (First strategy)
1: Choose a threshold " 2 (0, 1), corresponding to se-

lect a pre-defined fraction of the approximation ca-
pabilities of the base {�i}

1

i=1;

2: compute E = minE s.t.
EX

e=1

�e � "
+1X

e=1

�e.

Differently, the second strategy tries to include also the
prior information about the probability measure µ from

which the input locations are drawn. This strategy se-
lects E based on a approximate bound of relative dis-
tance between bc and br. Exploiting inequality (A.34) in
the proof of Proposition 9 and the equivalence yi�Cibr =
(yi � Cibµ)+(Cibµ � Cibr), where bµ = T [fµ] is the true
signal defined in (15), we can write

kbc � brk2
kbrk2



SX

i=1

����diag
✓
�e

�

◆⇣
C\E

i

⌘T
����
2

⇠i (41)

where ⇠i :=
k⌫ik2
kbrk2

+
kCi (bµ � br)k2

kbrk2
.

We start assuming that the errors kCibµ � Cibrk2 are
smaller than  times the standard deviation of the mea-
surement noise. Therefore,  regulates the degree of con-
servativeness of this assumption. A reasonable choice is
 = 3. We also use the inverse of the SNR as an approx-
imation of both k⌫ik2

kbrk2
and �

kbrk2
. Hence, ⇠i is replaced by

(+1)SNR�1. Finally, for S sufficiently large the quan-
tity

SmaxE
����diag

✓
�e

�

◆⇣
C\E

i

⌘T
����
2

�

overestimates
SX

i=1

����diag
✓
�e

�

◆⇣
C\E

i

⌘T
����
2

. The expecta-

tion above can be computed using Monte Carlo tech-
niques up to a desired level of accuracy. All the argu-
ments above lead to the following Algorithm 2. Once
again it is important to remark that only a rough esti-
mate of E is necessary at this stage and that it can be
validated a-posteriori based on the performance analysis
provided in Section 6.

Algorithm 2 Selection of E (Second strategy)
1: Assume to have a bound on the SNR, choose a

threshold " for the maximal tolerable error kbc�brk2
kbµk2

and choose a degree of conservativeness ;
2: compute the minimal value of E s.t.

(+ 1)SNR�1SmaxE
����diag

✓
�e

�

◆⇣
C\E

i

⌘T
����
2

�
 "

(42)
where we remark the dependence of the expectation
on E.

6 Assessment of the quality of the estimates

Once the choice of E is set, then it is crucial to assess
the quality of bd in terms of its closeness to the opti-
mal centralized estimate bc. To this regard, the following
two results, namely Algorithm 3 and the related Propo-
sition 9, represent the main results of this section. They
provide a way to compute, in a distributed fashion, sta-

9
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Figure 1. BndA and BndB (normalized by the a priori function variance) as a function of E, with ↵ = 0.05, for different data set sizes M and eigenvalues
decay rates.

with the input locations probability measure µ in (2) set to be
the uniform distribution on [0, 1]. With these settings

�e(x) =
p
2 sin (x(e⇡ � ⇡/2)) , �e =

1

(e⇡ � ⇡/2)2

and k = 2. To make the bounds only depend on E we set
M = 10000, 1� ↵ = 0.95 and the noise variance �2

⌫ = 0.12,
choosing that " 2 (0, 1] that minimizes the bound and satisfies
(22) or (25) accordingly.
The dashed lines in the two top panels of Figure 1 show
how BndA (left) and BndB (right) vary with E (bounds are
normalized using the prior process variance). For the sake
of comparison we also display the true (normalized) MSE
(solid line) calculated via a Monte Carlo of 500 runs. As for
BndA, it is interesting to notice that just 20 eigenfunctions
are needed to obtain an high estimation accuracy in both the
cases. In addition, the curve is very close to the true error
profile and is monotonically decreasing. Indeed, as discussed
in the proof of Theorem 6 contained in the next subsection,
when bfA is adopted one should set E as large as possible
(compatibly with communication capabilities) since, at the
limit, convergence to the minimum variance estimator holds.
The profile of BndB is instead different and exhibit a clear
minimum at E = 7. The reason is that bfB requires only
an information exchange of order O(E) since it relies on
the asymptotic matrix approximation (18). The bound BndB
then points out that, if E is too large, the quality of this
approximation can become too poor, hence leading to an
increment of the MSE of bfB . One can also see that the true

error profile is not monotonically increasing. Indeed, for M
fixed and E which goes to infinity, bfB does nto converge to
the minimum variance estimator. It is important also to note
that, in this case, BndB is close to truth only for low E values.
Indeed, from the Monte Carlo analysis one can infer that the
best E is around 50. Overall, this suggests that the number
of eigenfunctions has thus to be seen as an important design
parameter for bfB , that must be carefully selected to optimize
the performance. This point will be the focus of Section V.
Finally, the two bottom panels of Figure 1 display the same
bounds except that kernel eigenvalues now decay exponentially
to zero as �e = exp(�0.1e). Shapes of the curves change but
the same comments hold true.

D. Asymptotic behaviours of the estimators

First, we report an useful theorem that illustrates a lower
bound on the performance achievable by a generic estimator of
f and that derives directly from the KL expansion introduced
in Section III-A.

Theorem 4 Let bf? be any generic estimator of f that is func-
tion of y and that takes values in any generic E-dimensional
space fixed a priori. Then

argmin
bf?

E
���f � bf?

���
2
| x

�
�

+1X

e=E+1

�e. (29)

Now, we start investigating the asymptotic properties of our
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Outline

n Motivations, target applications & challenges

n Map building: non-parametric regression

n Distributed optimization over lossy networks

n Adaptive Wi-Fi rate selection for control

n Future research agenda and conclusions



Robust regression
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Distributed convex optimization:
problem formulationCooperative Distributed optimisation

f1

f2

f3
f4

f5

f6

f7

Assumption: neighbours cooperate to find minimizer of network
cost:

f (x) =
1
N

Nÿ

i=1

fi(x), x
ú = argminx f (x)

Global estimation: x œ Rn, each node wants
x̂i = x

ú, ’i = 1, . . . , N. Typically n independent of N: support
vector machine, robotic map building.
Local estimation: fi(x) = fi(xi , {xj}jœNi ), each nodes just
wants x̂i = x

ú
i . Typically n Ø N: smart grid state estimation,

robotic localization 7



Peer-to-peer convex optimization:
state-of-the-art

n Challenges:
n Local communication
n Time-varying graph
n Lossy communication
n Synchronization

n Main trends:
n Distributed subgradient methods (Ozdaglar, Nedic,..)

n No need for synchronization, OK for time-varying topologies
n Slow convergence (sublinear) due to decreasing step-size

n Alternating Direction Method of Multipliers (ADMM) (Bertsekas, 
Boyd,…)

n Fast convergence (linear), applicable to many scenarios (de-facto standard)
n Synchronous (very recent works for asynchronous past 2 years) 

n No algorithms for lossy communication (that are we aware of)

Centralized VS Distributed Real communication RA-NRC Conclusions

Centralized VS distributed

Centralized algorithm Distributed algorithm

No computational

or memory constraints

No communication issues

Does not scale well with N

Expensive

No need of central unit

Scale well with N

Cheaper

Computational and

memory constraints

Communication issues

Luca Schenato NRC under asynch. and lossy communications 5

Peer-to-peer
topology



Why lossy communication is 
relevant ?

n Inconsistent information sets among agents: optimal 
cooperation hard (Witsenhousen’s counterexample)  

n ACK-based hard to implement and slows convergence
Broadcast w/o ACK = T Broadcast w/ ACK = (N+1)T 



Contribution
n Robust Newton-Raphson Consensus

n Peer-to-peer
n Asynchronous
n Broadcast-based (no ACK needed)
n Scalable (complexity/node is constant)

n Ideas: merging
n Newton-Raphson consensus (our group, 2011)
n Push-sum consensus (Benezit et al., 2010)
n Robust ratio consensus (Dominguez-Garcia et al, 

2011) 



Newton-Raphson Consensus
Graphical interpretation

aibi = f
ÕÕ

i (xi)xi ≠ f
Õ

i (xi)

ai = f
ÕÕ

i (xi)

∆ x
ú =

1
N

Nÿ

i=1

f
ÕÕ

i (xi)xi ≠ f
Õ

i (xi)

1
N

Nÿ

i=1

f
ÕÕ

i (xi)

x1

f1(x)

f̂1(x)|x1
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Newton-Raphson: scalar case

Idea: approximate function f (x) with a parabola

‚f (x) =
1
2a(x ≠ b)2 + c (1)

Match slope and curvature at point xn:

f (xk) = ‚f (xk) = 1

2
a(xk ≠ b)2 + c

f
Õ(xk) = ‚f Õ(xk) = a(xk ≠ b)

f
ÕÕ(xk) = ‚f ÕÕ(xk) = a

∆
a = f

ÕÕ(xk)

b = xk ≠ f Õ(xk)
f ÕÕ(xk)

c = ú

Jump to the minimum:

xk+1 = xk ≠ f
Õ(xk)

f ÕÕ(xk)
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Centralized NR in practice

xk+1 = xk ≠ Á(Ò2
f (xk))

≠1Òf (xk)

stopping criteria are based on Newton decrement

⁄(x) :=
1
Òf (x)T !

Ò2
f (x)

"≠1 Òf (x)
2 1

2

practical implementations perform line search, e.g.
Áú

k = minÁ f (xk+1). For Á = 1 could diverge if x0 far away.
convergence follows two phases: first damped (linear
convergence) then quadratic (optimal Á ¥ 1)
computational burden to obtain Ò2

f (x) can be alleviated
using quasi-Newton methods:

�x = ≠B
≠1

k Òf (xk)

where B
≠1

k is an estimate of the Hessian using Òf (xk≠1)

26



Newton-Raphson Consensus
Back to Newton-Raphson intuition

Approximate each fi(x) with a parabola

‚fi(x) =
1
2ai (x ≠ bi)

2+ci =∆
‚f (x) = 1

N
qn

i=1

1
1

2
ai (x ≠ bi)

2 + ci
2

= 1

2
a(x ≠ x

ú)2

Match slope and curvature at point xi :

f
Õ

i (xi) = ‚f Õ
i (xi) = ai(xi ≠ bi)

f
ÕÕ

i (xi) = ‚f ÕÕ
i (xi) = ai

∆ ai = f
ÕÕ

i (xi)
aibi = f
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i (xi)xi ≠ f

Õ
i (xi)

Jump to the minimum of ‚f (x):

x
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i = x

ú =

Nÿ

i=1

aibi

Nÿ

i=1

ai

=

1
N

Nÿ

i=1

aibi

1
N

Nÿ

i=1

ai

=

1
N

Nÿ

i=1

f
ÕÕ

i (xi)xi ≠ f
Õ

i (xi)

1
N

Nÿ

i=1

f
ÕÕ

i (xi)

31

Back to Newton-Raphson intuition

Approximate each fi(x) with a parabola

‚fi(x) =
1
2ai (x ≠ bi)

2+ci =∆
‚f (x) = 1

N
qn

i=1

1
1

2
ai (x ≠ bi)

2 + ci
2

= 1

2
a(x ≠ x

ú)2

Match slope and curvature at point xi :

f
Õ

i (xi) = ‚f Õ
i (xi) = ai(xi ≠ bi)

f
ÕÕ

i (xi) = ‚f ÕÕ
i (xi) = ai

∆ ai = f
ÕÕ

i (xi)
aibi = f

ÕÕ
i (xi)xi ≠ f

Õ
i (xi)

Jump to the minimum of ‚f (x):

x
+
i = x

ú =

Nÿ

i=1

aibi

Nÿ

i=1

ai

=

1
N

Nÿ

i=1

aibi

1
N

Nÿ

i=1

ai

=

1
N

Nÿ

i=1

f
ÕÕ

i (xi)xi ≠ f
Õ

i (xi)

1
N

Nÿ

i=1

f
ÕÕ

i (xi)

31

Back to Newton-Raphson intuition

Approximate each fi(x) with a parabola

‚fi(x) =
1
2ai (x ≠ bi)

2+ci =∆
‚f (x) = 1

N
qn

i=1

1
1

2
ai (x ≠ bi)

2 + ci
2

= 1

2
a(x ≠ x

ú)2

Match slope and curvature at point xi :

f
Õ

i (xi) = ‚f Õ
i (xi) = ai(xi ≠ bi)

f
ÕÕ

i (xi) = ‚f ÕÕ
i (xi) = ai

∆ ai = f
ÕÕ

i (xi)
aibi = f

ÕÕ
i (xi)xi ≠ f

Õ
i (xi)

Jump to the minimum of ‚f (x):

x
+
i = x

ú =

Nÿ

i=1

aibi

Nÿ

i=1

ai

=

1
N

Nÿ

i=1

aibi

1
N

Nÿ

i=1

ai

=

1
N

Nÿ

i=1

f
ÕÕ

i (xi)xi ≠ f
Õ

i (xi)

1
N

Nÿ

i=1

f
ÕÕ

i (xi)

31

Back to Newton-Raphson intuition

Approximate each fi(x) with a parabola

‚fi(x) =
1
2ai (x ≠ bi)

2+ci =∆
‚f (x) = 1

N
qn

i=1

1
1

2
ai (x ≠ bi)

2 + ci
2

= 1

2
a(x ≠ x

ú)2

Match slope and curvature at point xi :

f
Õ

i (xi) = ‚f Õ
i (xi) = ai(xi ≠ bi)

f
ÕÕ

i (xi) = ‚f ÕÕ
i (xi) = ai

∆ ai = f
ÕÕ

i (xi)
aibi = f

ÕÕ
i (xi)xi ≠ f

Õ
i (xi)

Jump to the minimum of ‚f (x):

x
+
i = x

ú =

Nÿ

i=1

aibi

Nÿ

i=1

ai

=

1
N

Nÿ

i=1

aibi

1
N

Nÿ

i=1

ai

=

1
N

Nÿ

i=1

f
ÕÕ

i (xi)xi ≠ f
Õ

i (xi)

1
N

Nÿ

i=1

f
ÕÕ

i (xi)

31

Graphical interpretation
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Centralized vs Distributed Newton-Raphson

Is the minimum of ‚f (x) a good approximation of the true
minimum of f (x) ? Minimum of global ‚f (x):
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f
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= x ≠ f
Õ(x)
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Intuition: If xi are close to each other, then x
ú is a good estimate

of the true minimum, therefore x
ú ≠ xi is a good direction for xi .
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Newton-Raphson Consensus
Graphical interpretation
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ú =

1
N

Nÿ

i=1

f
ÕÕ

i (xi)xi ≠ f
Õ

i (xi)

1
N

Nÿ

i=1

f
ÕÕ

i (xi)

f2(x)

f̂2(x)|x2

f̂1(x)|x1

f̂1(x)|x1 + f̂2(x)|x2

x1 x2x?
true x?
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Block schematic representation

gi , hi

g1, h1

gN , hN

any
average

consensus
“P”

y(k + 1) = Py(k)

z(k + 1) = Pz(k)

xi

x1

xN

local
computations

distributed
averaging

local
updates

gi(k) = f ÕÕ
i (xi(k))xi(k) ≠ f Õ

i (xi(k))
hi(k) = f ÕÕ

i (xi(k))
xi(k +1) = (1≠Á)xi(k)+Á

yi(k + 1)
zi(k + 1)
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The (synchronous) consensus-based Newton-Raphson

Derivation of the algorithm

Fixes:

change initial condition of consensus step to track the
changing xi

move xi slowly to let consensus part to converge

Algorithm

1 define local variables:
gi(k) := f

ÕÕ
i (xi(k))xi(k) ≠ f

Õ
i (xi(k)), gi(≠1) = 0, yi(0) = 0

hi(k) := f
ÕÕ

i (xi(k)), hi(≠1) = 0, zi(0)
2 run 2 average consensus ( P doubly stochastic):

y(k + 1) = Py(k) + g(k) ≠ g(k ≠ 1),
z(k + 1) = Pz(k) + h(k) ≠ h(k ≠ 1)

3 locally compute xi(k + 1) = (1 ≠ Á)xi(k) + Á
yi(k + 1)
zi(k + 1)
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Currently re-discovered by other groups:
Nedic, Wei, Na, Scutari



Simulations: 
broadcast based map building



Current research agendaConsensus algorithm:  
a primitive for cooperation 

Average  
consensus  Max ??? 

Point-to-point Broadcast Multi-cast 

Time-synch Sensor 
calibration 

??? 

Map  
building 

Application 
layer 

Cooperation 
layer 

??? 

Communication 
layer 

Physical	system
(sensing	&	actuation)

Cyber	system

• WiFi-based	protocols	for	control
• Adaptive	communication&control

rate	via	cross-layer	desing

• Distributed	optimization	over	
unreliable	communication

• Machine-learning	estimation
• Casting	cooperative	estimation	&	

control	as	optimization	problems

Interdisciplinary Approach



Outline

n Motivations, target applications & challenges

n Map building: non-parametric regression

n Distributed optimization over lossy networks

n Adaptive Wi-Fi rate selection for control

n Future research agenda and conclusions



Sampling time vs packet loss
n Wi-Fi (802.11)

n Multiple bit-rate to choose
n Higher bit-rate = smaller sampling time, higher losses
n Currently optimize throughput  

n Time-critical applications
n Both sampling time, delay and packet loss degrade 

performance and all depends on bit-rate
n Is throughput a good metric for control?
n Is packet loss as bad as delay?
n How control deal with dynamic sampling time and packet 

losses? 



Non-intuitive answers
Let us consider:

Sampling at period T=1/R,  R=packet-rate

Lossy transmission: P[γk=0]=γ

Dead-beat controller:

Dead-beat controller:



Non-intuitive answers:
constant throughput

Average performance (mean square error)

Two protocols with same throughput: 
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Best protocol depends on 
stability of controlled system



Non-intuitive answers:
heavy tail

Average performance (mean square error MSE)

Two protocols with same MSE: 

a<0 (stable)

a>0 (unstable)
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Adaptive rate selection for control

T6T

Wi-Fi 802.11g rates

Notes

12 gennaio 2018

1 Modeling

Consider the continuous time systems:

dx(t) = Ax(t)dt+Bu(t)dt+ dw(t), dw ⇠ N (0, Q)

Assume that we use a piecewise constant control of period T , i.e.:

u(t) = uk, t 2 [kT, (k + 1)T )

Let xk = x(kT ) as so the evolution of the systems is given by:

x(kT + ⌧) = e
A⌧

xk +

✓Z ⌧

0
e
At
Bdt

◆
uk +

Z ⌧

0
e
At
dw(t)

= Ad(⌧)xk +Bd(⌧)uk + wk(⌧), ⌧ 2 [0, T ), wk(⌧) ⇠ N (0, Qd(⌧)) 8k 2 N

where

Qd(⌧) =

Z ⌧

0
e
At
Qe

AT t
dt

Let us consider the following quadratic cost measure

JM (u) = E
"
1

M

Z M

0

�
x
T
(t)Wx(t) + u

T
(t)Uu(t)

�
dt | u(t), t 2 [0,M ]

#

and consider M = KT . therefore
1

JK({uk}K�1
k=0 ) = E

"
K�1X

k=0

1

KT

Z T

0

�
x
T
(kT + ⌧)Wx(kT + ⌧) + u

T
(kT + ⌧)Uu(kT + ⌧)

�
d⌧ | {uk}K�1

k=0

#

= c(T ) +
1

K

K�1X

k=0

x
T
kWd(T )xk + 2x

T
kNd(T )uk + u

T
k Ud(T )uk

where

Wd(T ) =
1

T

Z T

0
A

T
d (⌧)WAd(⌧)d⌧

Nd(T ) =
1

T

Z T

0
A

T
d (⌧)WBd(⌧)d⌧

1Da motivare meglio il termine dovuto al rumore di processo. Risultato ottenuto ipotizzando che il controllo sia
una funzione causale del set di informazione e quindi condizionatamente indipendente.

1

where we used the upperscript i to stress the fact that some quantities depends on the specific

sampling period Ti which is determined by the chosen rate i. Note that the only term that depends

on the SNR is the estimation error covariance Pi.

Now once the explicit functions �i(1/SNR) are provided, it is possible to draw J
⇤
i (1/SNR) for

each i. If we now want to find the optimal rate and the minimum achievable cost performance we

need to solve the following optimization problem

J
⇤
(1/SNR) = min

i
J
⇤
i (1/SNR)

i
⇤
(1/SNR) = argminiJ

⇤
i (1/SNR)

3 Multirate

Control rate: it is the inverse of the sampling period to which the system is discretized. It corre-

sponds to the frequency (i.e. the rate) to which the input (and the output) are updated.

In that scenario the control rate (definition needed) is constat and fixed to the lowest transmission

rate (ideally, even lower). The transmission rate is chosen with the set R 2 {1, . . . , L} in order to

minimize the control cost:

i
⇤
(1/SNR) = argminiJ

⇤
i (1/SNR), i 2 1, . . . , L

The control cost depends both on the control rate and on the transmission rate. Since the control

rate is constant for every choice of the transmission rate (and the separation principle holds), the

part of the control cost which depends on it is constant. Meanwhile, the part which depends on the

transmission rate (i.e. the error covariance) varies. It depends on 2 factor: the frequency to which

the output is send to the controller and the loss probability of the transmission for the given channel

quality (i.e the SNR value).

For sake of simplicity, assume that R
tx
i = iR

tx
1 and R

ctr
= R

tx
1 . If the transmission rate is the

lowest possible (i.e. R
tx
1 ) the control cost is

J
⇤
1 = c+ trace(S1Q) + lim

K!1

1

K

K�1X

k=0

trace(A
T
S1A� S1 +W )E� [P

k
k|k�1])

and we can approximate it with the upper-bound

J
⇤
i (1/SNR) := c

i
+ trace(S

i
1Q

i
) + trace

�
(A

T
i S

i
1Ai +Wi � S1)P i(1/SNR)

�
.

Now consider the transmission rate R
tx
2 = 2R

tx
1 . In this scenario, the plant does not send the

output at each sampling time but it send a packet. Without loss of generality, we can assume that

only the output at even sampling time is sent, while the output a odd sampling time is never sent.

2h

k

2h+ 1

k + 1

2h+ 2

k + 2

2h+ 3

k + 2

measurement measurement

The packet sent are successfully delivered within the next measurement’s time with a probability

equal to �. With the period between two measurement, which is equal to 2 sampling period, the

4

Ud(T ) =
1

T

 
TU +

Z T

0
B

T
d (⌧)WBd(⌧)d⌧

!

c(T ) =
1

T

Z T

0
trace

✓
Q

Z ⌧

0
A

T
d (⌧̄)WAd(⌧̄)d⌧̄

◆
d⌧ =

1

T

Z T

0
trace (⌧QWd(⌧)) d⌧

The previous equations can be numerically computed by discretizing the integral.

1.1 First order approximation

Using first order approximation of

Ad(⌧) = I +A⌧, Bd(⌧) = ⌧B

we have that first order approximation in T of the previous matrices are:

Qd(T ) = Q+O(T )

Wd(T ) = W +O(T )

Nd(T ) = O(T )

Ud(T ) = U +O(T )

c(T ) = trace(WQ) +O(T )

2 LQG Control

Si simplify the notation we now use the simplified notation

A = Ad(T ), B = Bd(T ), C = Cd(T ), Q = Qd(T ),W = Wd(T ), N = Nd(T ), U = Ud(T ), c = c(T )

We consider now the measurement model

y(kT ) = yk = Cxk + vk, �k 2 {0, 1}, vk ⇠ N (0, R)

where and we additional define the measurement model at the estimator as

y
k
h = �

k
hCxh + �

k
hvh

where �
k
h 2 {0, 1} indicates if the measurement yh has been present at the estimator location at time

k � h.

We want to look for causal feedback laws:

uk = fk({yk�1
h }k�1

h=0, {�
k�1
h }k�1

h=0, {uh}k�1
h=0)

which minimize the following LQG performance matrix

J
⇤
K = min

{uk}K�1
k=1

JK({uk}K�1
k=0 ), s.t. uk = fk({yk�1

h }k�1
h=0, {�

k�1
h }k�1

h=0, {uh}k�1
h=0)

Via the separation principle we can show that the control should have the following form

u
⇤
k = �Kkbxk

k|k�1

2

1/SNR

T
2T 3T

LQG control



Outline

n Motivations, target applications & challenges

n Map building: non-parametric regression

n Distributed optimization over lossy networks

n Adaptive Wi-Fi rate selection for control

n Future research agenda and conclusions



The challenge cube 
for time-critical smart systems

smart	grids

field	robotics

smart	
buildings

Scale

Bandwidth	 [Hz]10-102

103-106

102-103

10 102 103
manipulation

Wired

Wireless

Fieldbus
(SCADA)

RT	Ethernet

WirelessHART

ISA100.10a ?

1



Consensus algorithm:  
a primitive for cooperation 

Average  
consensus  Consensus MPC 

Point-to-point Broadcast 

Time-synch 

Wi-Fi 802.11 
adaptive rate 

Map  
building 

Application 
layer 

Cooperation 
layer 

Cooperative 
manipulation 

Communication 
layer 

Future research agenda

Physical	system
(sensing	&	actuation)

Cyber	system

• Communication:	Wi-Fi	802.11	
protocols	for	multi-agent	control	
systems

• Distributed	optimization:	MPC	
over	lossy communication

• Machine-learning:	Gaussian	
Process-based	 learning



Proof-of-concept:
UAV manipulation over wireless
Cooperative UAV manipulation via 

wireless: closing the gap! 
Bandwidth)[Hz])

10)Hz)

1000)Hz)

100)Hz)

Today’s))
state6of6the6art)

Tomorrow’s))
Project)goal)

Manipulation bandwidth 
requirement: >1kHz 
using PID or classic 
control. Today only via 
wired communication. 

Reliable WI-FI for 
control (no packet loss, 
constant delay): 
<20Hz. Today only for 
formation control. 

WI-FI for control up to 
200Hz via 802.11 real-
time rate adaptation 

Cooperative manipulation 
at 200Hz via distributed 
MPC control 

26order)of))
magnitude)gap!!)



Conclusions & open problems

n Smart Multi-agent control systems over wireless: 
currently more open questions than answers

n Need to look at realistic assumptions (in particular 
communication)

n Cooperative UAV manipulation over Wi-Fi in 
unstructured environments (outdoor): pristine area
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