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A special report on smart systems
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® Target applications:
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Challenges

Unreliable (wireless) communication:
= Random delay, packet loss, limited communication range

Scalability:

=« Complexity (CPU, memory, communication) per agent
must be constant

Robustness/resilience and adaptiveness/learning:
= Mild performance degradation when local failures
= Continuous environmental learning

Architecture:
= Centralized vs hierarchical vs distributed vs decentralized
= Cooperative vs competitive
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Dynamic learning and optimization

Environment learning
(dynamical changes, “steady state” scenario)

(S':IélngI)I;IC'II'(Y) PERFORMANCE

(optimization)

Disruptive events detection
(local failures, communication blackouts, new agents integration, ....)



@
Dynamic learning and optimization

Environment learning
(dynamical changes, “steady state” scenario)

(S'ZLI:gII)I;IC'II'(Y) PERFORMANCE

(optimization)

Disruptive events detection
(local failures, communication blackouts, new agents integration, ....)



DEPARTMENT OF D

T Learning problems:

IVERSITY OF PADOVA s

Density estimation:
flx):R" =R
f(:l?)ZO, ff(l'):]-

D = {z1,x2,...}: events

Regression:
flx): R - R

yi = f(i) + v
v; nolse

Classification
f(z): R = {0,1}

yi = f(i) + v
v; noise

Oil-spill boundary
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o Parametric VS non-parametric
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gi(x) known k(x,z") known
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° Example:
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“aiaie = Map-building in robotic networks

Parametric Model:

() =30 ) Omgm(@)

Noisy data:
{(mi,v:) ff\il




° Parametric model:
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Linear combination of
radial basis functions

L 7 \ - S
I S e L e SO,

0 —— L Y )
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122 goe TN

« Large number of basis
« Convex problem

Mixture of Gaussians

f@) =it gi(w, 0;)

|m—9?|2
i

00 02 0.4 06 038
] 1 1 1 1

he — _
 Needs fewer functions
« Non-linear problem



e Map-building
e as least-squares regression
= Model clafss:

f(w) — Z ngm(at)
=1

= Noisy measurements:

M
= 3 Omgm(z) +v;, i=1....,N

Z m=1 G;F :E
y(x1) g1(z1) ... gu(zd) 1T 61 v1 XT;
y(2) ] = [. : i JA [ AN E ]
. gl(xN) gM(CUN) ] 9M VN
y=GO0+wv

= Goal: minimize sum of

0 = G, GT 1 G
squares of residues (Xt ) LIl Giyi)
6 —= argmmgzz L 22 — (Nzg\f:l GZ-G;-F) 1(NZ£V=1 Giy;)

« Xiao-Boyd-Lall, 2005
« Bolognani-Del Favero-Schenato-Varagnolo, 2010




Consensus-based Map-building:
gossip communication

ALGORITHM:

1) Initialize statistics:

) ) (Tollect data and build Tocal statistics:

=7+ G’L'G,%T

) bhoose nelghbor J and do gossip consensus:
2y = Zin = 37+ 42
21 = a1 = % "‘

4) Estimate map:

bi = (2)

o) Repeat steps 2,3,4 (non necessarely in order)

= PROS:
= Can be distributed = CONS: _ .
= Gradient-based implementation: = How to select basis functions
ADMM, gradient-consensus, = No estimate unless at least M data
= Extension to robust costs, e.g. || ||, = Gradient-based implementations

require step-size design



Simulations:
= - broadcast based map building
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(Gaussian regression
= F non parametric)

Non-parametric Model:
- |f(z) € RKHS
k(z,2') : X x X - R

DEPARTMENT OF D

Noisy data:
{(zi,y) Yy




e Reproducing Kernel Hilbert Spaces
fSReAR = (RKHS) (con't)

IVERSITY OF PADOVA s

(z,2") : X x X — R: Mercel Kernel
) k(-,+) continous, X: compact
)
)

symmetric: k(x,x’) = k(2', x)

k
1
2
3) positive semidefinite: K € RNXN >0, [K|ij=k(x;,z),Vz;, VN,

Bayesian Interpretation:

E[f(z)] =0, E[f(x)f(z")] = k(x,2"): zero-mean gaussian process

{(x;, ;) }Y,: Noisy data:
yi = f(xs) +vi, v ~N(0,07%)

f(2) = E[f(2) | {zsyi} M) = SN cik(zi, 2)

¢y ] oy - k(x1,71) o0 k(x,ap) ]

=(K+o*) | |, K=

| CM | | YMm| _k(SUMﬂ?l) k(xMaxM)_
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{(x;,v;)}:,: Noisy data:
Y; = f(CEZ) + Vi, U N(O,OQ\

M |:1:—:1;/|2
f(x) — 24_:1 H’ngz(aj) k(aj, gj’) — e 202
|z —x; |
gz(m) — e 202 K (xz1,21) - K(z1,2z0m)
0) K = :
Y1 . K (xzy,x1) -+ K (xp,xa)
ATTNT
\ :
X1 ro T L3
7 M ~ M

flx) = Zfil 0;g;(x) fz) = D iz Cik(Ti, ) = 3 iy Cigi(T)

é\:[(—ly c= (K +o%) 1y
™ regularization term



Parametric vs non-parametric

;
N
PARAMETRIC NON-PARAMETRIC

 Distributed (consensus)

. 3 « Better performance
PROS | ° Bounded complexity O(M?) - Adaptable resolution

* What g(x) ? « Regularization factor design
CONS * Need N>Mpoints . Data-limited complexity O(N3)
« Over-fitting & ill-conditioned
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g Representer theorem
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k(z,z') : X x X — R: Mercel Kernel
1) k(-,-) continous, X: compact
2) symmetric: k(x,x’) = k(a', x)
3) positive semidefinite: K & RNXN >0, |Kli;=Fk(xix;),V2;, VN,

p: X — RT : measure function (sampling density)

h(z) := Th,ulg](z) == [, g(z")k(x, 2")dp(x’): Hilbert-Schmidt integral operator

h(z),g(z) € L2(n)

Since T is a linear operator - eigenvalues and eigenfunctions
T p[6(@)] = Ad(2), A > 0

Representer Theorem: Let k(-,-) be a Mercer kernel on X x X, A\p > 0 W/
and p a non-degenerate measure. Then, {¢,}, >y is an orthonormal basis in
L£? (1) while the associated RKHS is

Hi = {f(:E) c L (p) st. f(x)=




e Map-building
e as least-squares regression
= Model clafss:

f(w) — Z ngm(at)
=1

= Noisy measurements:
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= 3 Omgm(z) +v;, i=1....,N
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S = Semi-parametric estimation

1st IDEA: Use first eigenfunctions as basis function for
parametric estimation

flz) = 305 aude(w) gy ]
i = 3 opo1 qede(xi) = [¢1 (23) b2 (25) .. ] sz + v;

N 4

ar
= (aine(3) + £, 6.67) (S G

—1

&% = (diag(§) + XL, GPGAT) (Y, GFyi)

G = [p1(x) - ()]

(intuition: «; ~ 0, for i > E, therefore f(aj) ~ fE (x))



Semi-parametric estimation (cont'd)

2t IDEA: Use orthonormality of eigenfunctions ¢, and i.i.d.
sampling of x;

— (ding(F) + + SX, GEGET)  ($2XGFy)
FTLGEGE)] =% T ém (@) 6 (@)

[% > it ¢m<xi)¢n(l’i)] N—+oo,zivp(z)

fgbm )dﬂ< ) = Omn

& (2) = (ding(5) +1) 1(%27%\;10%)



Complexity
of semi-parametric approaches

() = 0 cik(zi,x), c=(K+ D)"Yy, [Klmn = k(@m, T5)
fE(x) =310, af ¢i(z) aE:(diag(%H%zLGf(Gf)T)_l (£, 6Fy,)

l(e) = Xy aPoiw)  al =t +1) (%2, 6Fw)
estimator comput. commun. memory
cost cost cost
flx) O (N?) O (N) O (N)
1 (x) O (E”) O (E) O (E7)

() O (E) O (E) O (E)




o Performance
R 2 of semi-parametric approaches
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N = 10000

£
FE () /(@)
K = Splines K = Splines
0.2 - [—TrweEwe ] 02 ' —Trehwe
- = Bada(E)/ ¥\ = = Budp(E)/ ¥\

0.15| 1015/
0.1+ 0.1"
0.05 | | 0.05!

0 0

10° 10" 102 10°
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. Non-parametric regression
#8i2 - for dynamical systems

Project Loon’ Wind/Ocean Current 4 Energy/Air Vehicles




° Time-varying regression f(x,t):
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Single location: f(z,t) : R — R

Sk+1 = Askp +wg, wip ~N(0,Q)
yr = Csg+ vk, vk ~N(0,R)
fe = Csg, so ~ N(0,%0)

Data: {(tk,yk) 2yt = KT

3k+1yk — A3k|k
L1k = AZ/C’/CA + @
Sket1k+1 = Skrk + L1 (Unr1 — CuSkr1in)
Ykt1lk+1 = Zkt1lk — Le+10k2 g1k

Lit1 = Zkp1x O (CrZppaxCE + R)_l
Elsk Yk, - yo] = f(Z,kT)

Skik = = US|k

Sk = Elsk | Yk, - y0] = Elsk | Yk, Skt ]

Numerical efficient but requires to
know the exact model (A,C,Q,R)

parametric vs non-parametric

Single instant: f(x,t) : RP? — R

yi = f(xs) +vi, vi ~N(0,0%)
f(x) € RKHS < k(z,2")

Data: {(z:,4:)}is,

AN

fl@) =300 cik(xs, )

c=(K+1)""y, [Klmn=k(@m, o)

Model-free and best performance but
high computational complexity O(N3)



Time-varying regression f(x,t):

®
RERIRIR = parametric vs non-parametric

General case: f(z,t) : RP x R - R
Stochastic PDEs: space-time white Define £ = (x,t) and kernel k(&,¢&'):

Gaussian noise

°flx, ) | *F,t) s _
e T Tap  AfTwi=wki), yi = f(&) + v, v ~N(0,0°)

f(§) € RKHS < k(&,£')

Data: {(t;, zi, i) oy
Data: {(&,v:)}iv,
Discretize in time and space R
and run finite-element methods FE) = SN k(&4 €)

C = (K + I)_ly, [K]mn — k(gmagn)

Approximated solutions and requires | Time space treated equally and
a good physical model unbounded complexity O(t3)

S. Sarkka, A. Solin , J Hartikainen, Spatiotemporal learning via infinite-dimensional Bayesian filtering and
smoothing: A look at Gaussian process regression through Kalman filtering. IEEE Sig. Proc. Mag., 30(4),2013




oCOMbining parametric and non-parametric:
3(a|man filtering meets Machine Learning (1)

General case: f(x,t) : RP xR - R

[Two fundamental assumptions:

1. finite number of measurement locations Xpeqs = {1,..., 2T}

2. separable kernels: k(x,t, 2, t") = ks(x, 2" )h(1), T=t =1

f, = [f(2x1,t) f(a,t) - flaa, )T £ Xppeas X R — RM

Fourier Transform S(w) = F|h(7)]
Spectral Factorization S(w) = W (iw)W (—iw)
W(zw) _ by 1(iw)" " b, o (iw)" 24 4bg

(tw)"+ar—_1(tw)"—14---4a 0 1 0 ... 0 ] 0]
. 0 0 1 0 0
State Space representation: Fo= CGa=|:,
— 0 0 0o ... 1 0
- FSt —|_ th _—ao —aq —a2 ... —Clr,n_l_ _1_

:HSt



oCOMbining parametric and non-parametric:
B ?Kalman filtering meets Machine Learning (2)

f, = [f(z1,t) f(22,t) - flam,t)]"
Dynamics of f;:
= FS”Z‘—F Gw]
=Hs,, j=1,....M
f, = Ki%z0, [Ku)mn = ks(Tm, n) |
vl = fe(zj) vl x; € M(k) C Xpmeas, vi, ~ N(0,0?)

X
A
1 Ty +---M---X----X--- K- -
| e I I I
W Si O A A
72 "0 ---0"---0----0---0
2 S 1 1 1
wt 2 1 1 1
1 1 1
Z3 ><va === 0---0----0----0----0
3 t _1/2 m : : : : :
Wi S3 Kspace f f, Iy Vi T2 +---2 * ____*____*____*____*
Z4 ————-(ID-———O————O————O———-(I)
t
Wi ——] S . B SRR hl Sl et
5 : 1 1 1 :
% Ty +---3 TR CEEE EEEI TR |
Wt5 S5 1 1 1 1 1
f f } } } L
1 2 3 4 5 time

X Xmeas O Xpred ® measurements



E}EPARTMFNT OF

UN'V RSITY OF PADOV/

£ =

o COMDININg parametric and non-parametric:
3<alman filtering meets Machine Learning (3)

Elfer |{(yi zi)} @ € M(E)]

Ye ——

Time Varying KF

Sk41k = ASk)k
Sktik = ASg AT +Q

Skt1k+1 = Skt1k + L1 (Unt1
El~c+1|l<:+1 .
= Ek:+1yk:CkT (Ckzzk—klykzcg —I—R)

,F), Q = blkdiag(Q,...,Q
= eFT,Q = [V FTGGT (") dr, R = 01
Cr = I, Ki?H, H = blkdiag(H, . ..

L1

A = blkdiag(F,

Xp’red — {ajM—l—la c ey
[f(ajM+17t) e

Ny —

Y

— CrSkt1/k)

g2

H

=Ygtk — Let1CkZrg1)k

X
A

Ty 4+ - ==K mm = Xm === - -
1 1 1 1 1

A S A

Y S S G
: : : : :
1 1 1 1 1

2 ----0---0----0----0----0
1 1 1 1 1

R LR S SREE.

YRR R SRR R SRR

I Rk SRR SRR EEE:
1 1 1 1 1
1 1 1 1 1

Ty +---3 Mo === K== = == == ===
1 1 1 1 1
f f f f f
1 2 3 4 5)

X Xmeas ©O Xpred ® measurements

,H), I € {0,1}MkXM

xM—I—S}) Xpred N Xneas = )
. f(wM—FSa t)]T

’ﬁk — \Ij/fka Ve RSXMa v = \Ij(XmeaSa Xpred)
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o COMbining parametric and non-parametric:

Elfer |{(yi zi)} @ € M(E)]

Yo —

Time Varying KF

AN

Sk

> IZSI/ZH

Kalman filtering meets Machine Learning (4)

X
A
Th+ - WX XX - -
I I I I I
A A S
I S S S
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
-0 ---0----0----0----0
I I I I I
S SR G SaE S
I A A A
-0 ---0----0----0----0
1 1 1 1 1
1 1 1 1 1
I I I I I
L1 +---3 Xe === X = =W == = =
I
1 2 3 4 5 tum
X Xmeas © Xpr d ® measurements



® Truncated Gaussian regression
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vs Kalman-based Gaussian regression

Colorado Weather Dataset: 365 stations, 100 years, monthly rain precipitation

Ky(z,z') = e ol==='l 45 =05, Space kernel

h(T) = Acos(2m flr)e T, A=2x10%, 6, =0.2,

1+

Time-Kernel

Memory [MB]

CPU time [sec.]

0.8

0.6

= 0.4
=

0.2

0

-0.21

-0} ] Truncated GP (3 years data)
-36 —3‘0 —2;4 —1‘8 —1‘2 —é 6 é 1‘2 1‘8 £4 3‘0 36
time (months)

108" W

102°W

108" W

Estimaté ]/"\

Variance Var(f )

Kalman-based Alg.1 4 0.02
Classical GP (all data) 1.5 106 NA

Truncated GP (1 year data) 150 15
Truncated GP (2 years data) 600 120
1300 410




Truncated Gaussian regression
vs Kalman-based Gaussian regression

Ky(z,2') =e o=l 5 =05, Space kernel
h(r) = Acos(2m flr))e I, A=2x10, 0, = 0.2, Time-Kernel

e Memory [MB] CPU time [sec.]
| Kalman-based Alg. I 4 0.02
0.6/ Classical GP (all data) 1.5 106 NA
Eo': Truncated GP (1 year data) 150 15
o-o Truncated GP (2 years data) 600 120
0.2 1 Truncated GP (3 years data) 1300 410
0.4} ]
-36 -30 —24 -18 —12 ;ién Ny ng‘;omh;‘;) 12 18 24 30 36
150 200

—¢— available measurements
100 + . 150 L B not available measurements| |
N estimates
e
50 / yx\
I -

L | confidence interval
)( X\

\xm P2 s

b4

— — 100 .
€ N y TN, y —‘1< IS
\\ . 4 _ - |
E o X STl L T E
g 8 50 ]
-50 [ ¢~ available measurements Oct 1997 - L
not available measurements K
W not | 0% ENEE !
-100 estimates
confidence interval ‘ ‘
_150 | | | | | | | | | | _50 | | | | | | | | | | |
2 4 6 8 10 12 14 16 18 20 22 24 2 4 6 8 10 12 14 16 18 20 22 24
time [months]

time [months]

Estimate on measured location Estimate on non-measured location
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Dynamic Grid (suboptimal solution)

U@

12
10 | | = True process
~ ~ Kalman based Alg.1

H- - Adaptive strategy

6 I | B confidence +3o

al P confidence +30

| .

0

_4 il 1 1 1 1 J

0 0.2 0.4 0.6 0.8 1
(l)
4~
3 -
2+
| e—
0 — — - = — —
1k |
2+
3k
_4 | | | | | | | | | 1
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02

X
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ss > Conclusions & open problems

= Non-parametric approach has great potential but it is
unclear how to
= make it distributed
= incorporate time .
= adaptively design the sampling density, i.e. (t(x) o< f(z)

= Many details swept under the carpet:

= Real-time and distributed design of regularization
parameter for non-parametric approaches

= Packet loss & asynchronous computation
= Computation of eigenfunctions

= Integration of learning with control & optimization
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