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System vs Model
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System Identification Approach Ljung 1999

e(t)

System |==@= y(t) =1, N
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System Identification Approach Ljung 1999

e(t) ~ N(0,¥)

System |==@= y(t) =1, N
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System Identification Approach Ljung 1999

e(t) ~ N(0,¥)

? D Y(t) t=1,..N
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System Identification Approach Ljung 1999

e(t) ~ N(0,¥)

|
? D Y(t) 1 t=1,..N

N
u(t) = arg g, 3 y(e)-9(eha)

M |3 §(t|m) J
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Two families of methods

e PEM

e Subspace
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Two families of methods

e PEM
e Subspace
e M(9), 6 € R?
" Gigi
Eg MO = =
1+ 1097
e Estimate 6
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Two families of methods

e PEM
e Subspace
e M(9), 6 € R?
" 0ig
Eg. M(0)= %
1+Zj:n+1 elq g
e Estimate 6

e How many parameters?

e Complexity Selection Issue
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Two families of methods

PEM
* This talk
e Subspace
e M(9), 6 € R?

" Gigi
Eg  M(o)= —==t%
1+Zj:n+1 ejq J

e Estimate 0

e How many parameters?

e Complexity Selection Issue
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Two families of methods

PEM
: This talk
e Subspace
o M(0), 6 € R?
" g . .
Eg. M9 = % Directly estimate
1+ 1097 impulse response h

e Estimate 0

e How many parameters?

e Complexity Selection Issue
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Two families of methods

PEM
: This talk
e Subspace
o M(0), 6 € R?
" g . .
Eg. M9 = % Directly estimate
1+ 1097 impulse response h

e Estimate 0

e How many parameters? o No complexity selection needed

e Exploit the Bayesian setting to

o Complexity Selection Issue . o .
SRR I include a-priori information

Giulia Prando Non-Param Bayesian Methods for Linear Sysld



Non-Parametric Bayesian Methods
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Non-Parametric Bayesian Methods

Prior

e Accounts for desired properties of h
h ~ py(h) = N(0, K;)

e Depends on hyper-parameters n
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Non-Parametric Bayesian Methods

( N\

Prior

e Accounts for desired properties of h
h ~ py(h) = N(0, K;)

e Depends on hyper-parameters n

> <
Posterior
h)py(h) Inf ing th
h — p(ylh)py e |nference step using the
Pn( |y) Pn(y) observed data y
| J
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Non-Parametric Bayesian Methods

( N\

Prior

e Accounts for desired properties of h
h ~ py(h) = N(0, K;)

e Depends on hyper-parameters n

> X
Posterior
_ h)pn(h) Inf ing th
h — p(ylh)py(h) e Inference step using the
Pn( y) Pn(y) observed data y
\ Z
( =

Point Estimator

e Minimum variance estimator

h e Analytically i bl
h=E,[hly] = [ h p,(hly)dh nalytica l>1|ntracta e

Approximations required
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h ~ Pn(h) = N(07 Kn)

Prior accounting for complexity

Giulia Prando

Prando, Chiuso, and Pillonetto 2017
Prando, Pillonetto, and Chiuso 2015
Prando, Chiuso, and Pillonetto 2014
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My Research Activity

Posterior

(hly) p(y|h)pa(h) Assessment of estimator uncertainty
ppNYy) =

pn(y)

Prando et al. 2016
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My Research Activity

Prando et al. 2016

Point Estimator Comparison of 2 approximations:

e Empirical Bayes

h = En[h’y] = f h pn(h|y)dh e Full Bayes (using sampling methods)
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My Research Activity

( N\

Prior

h ~ Pn(h) = N(07 Kn)

Online Re-formulation:

Posterior
Update the estimate
_ p(ylh)py,(h)
pﬂ(h|y) _ pn(y) as soon as

new data arrive
Point Estimator

h=E,[hly]l = [ h p,(hly)dh

Prando, Romeres, and Chiuso 2016
Romeres et al. 2016
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My Research Activity

Prando and Chiuso 2015

Post-Processing

Model reduction

h — h(), 0 € R?
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Outline
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Prior

h ~ Pn(h) = N(07 Kn)

Prior accounting for complexity
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Stable-Spline Kernel Pillonetto and De Nicolao 20
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Stable-Spline Kernel Pillonetto and De Nicolao 20

s N

Smoothness
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Stable-Spline Kernel Pillonetto and De Nicolao 20

e N

Smoothness

e Smoothing-spline kernel
Ku(s,t) = K3 (s, t)
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Stable-Spline Kernel Pillonetto and De Nicolao 20

e N

Smoothness

e Smoothing-spline kernel
Ku(s,t) = K3 (s, t)

5 10 15 20
Time

Realizations from p, (h) ~ N(0, K;?S(s7 t)) )
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Stable-Spline Kernel Pillonetto and De Nicolao 20

e N ( “

Smoothness Smoothness and Stability

e Smoothing-spline kernel
Ku(s,t) = K3 (s, t)

5 10 15 20
Time

Realizations from p, (h) ~ N(0, K;?S(s7 t)) )
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Stable-Spline Kernel

Pillonetto and De Nicolao 2010

Smoothness

e Smoothing-spline kernel
Ku(s,t) = K3 (s, t)

5 10 15 20
Time

Realizations from p, (h) ~ N(0, K;?S(s7 t)) )

Smoothness and Stability

e Stable-spline kernel
K»,,(S, t) = Kgs(ﬁswgt)

Giulia Prando
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Stable-Spline Kernel Pillonetto and De Nicolao 20

e

Smoothness

e Smoothing-spline kernel
Ku(s,t) = K3 (s, t)

5 10 15 20
Time

Realizations from p, (h) ~ N(0, K;?S(s7 t)) )

5

e

Smoothness and Stability

e Stable-spline kernel
K»,,(S, t) = Kgs(ﬁswgt)

\.

Realizations from p,,(h) ~ N(O, K;?s(,357 8))
J/

N

Giulia Prando
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Stable-Spline Kernel Pillonetto and De Nicolao 2010

Smoothness Smoothness and Stability
e Smoothing-spline kernel e Stable-spline kernel
Ka(s,t) = K7 (s, 1) Kn(s, t) = K3 (8%, ")

5 10 15 20
Time
Realizations from p, (h) ~ N(0, K;?S(s7 t)) Realizations from p,,(h) ~ N(O, K;?s(,BS, B8Y)
A\ J/ J/
[ Remark: Stable spline kernels don't account for model complexity ]
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Stable-Hankel Kernel: Maximum Entropy Derivation

Aim:
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Stable-Hankel Kernel: Maximum Entropy Derivation

Build Max-Entropy prior p,(h) satisfying constraints on:
Aim: e Stability
o Complexity
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Stable-Hankel Kernel: Maximum Entropy Derivation

Build Max-Entropy prior p,(h) satisfying constraints on:
Aim: o Stability
o Complexity
Stability
Constraint:
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Stable-Hankel Kernel: Maximum Entropy Derivation

Build Max-Entropy prior p,(h) satisfying constraints on:

Aim: e Stability
o Complexity
T -1

Stability E [h"K, 'h] < cs
Constraint:

Satisfied if K, is the stable-spline kernel [Pillonetto and

L De Nicolao 2010] )
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Stable-Hankel Kernel: Maximum Entropy Derivation

Build Max-Entropy prior p,(h) satisfying constraints on:
Aim: o Stability
o Complexity
T -1
Stability E [h"K,"h] <cs
Constraint:

Satisfied if K, is the stable-spline kernel [Pillonetto and
De Nicolao 2010]

\_ J
' \
\. J
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Stable-Hankel Kernel: Maximum Entropy Derivation

Build Max-Entropy prior p,(h) satisfying constraints on:
Aim: o Stability
o Complexity
T -1
Stability E [h"K,"h] <cs
Constraint:

Satisfied if K, is the stable-spline kernel [Pillonetto and
De Nicolao 2010]

Recall:
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Stable-Hankel Kernel: Maximum Entropy Derivation

Build Max-Entropy prior p,(h) satisfying constraints on:
Aim: o Stability
o Complexity
T -1
Stability E [h"K,"h] <cs
Constraint:

Satisfied if K|, is the stable-spline kernel [Pillonetto and
De Nicolao 2010]

h(1) — h(2)  h(3) - h(c)

h2)  h(3)  h(4) -  h(c+1)
Recall: Hib =1 : = :

h(r) h(r+1) -+ -+ h(r+c—1)

rank(#(h)) = Mc Millan degree of the system with impulse response h
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Stable-Hankel Kernel: Maximum Entropy Derivation

Build Max-Entropy prior p,(h) satisfying constraints on:
Aim: o Stability
o Complexity
T -1
Stability E [h"K,"h] <cs
Constraint:

Satisfied if K|, is the stable-spline kernel [Pillonetto and
De Nicolao 2010]

Complexity
Constraint:
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Stable-Hankel Kernel: Maximum Entropy Derivation

Build Max-Entropy prior p,(h) satisfying constraints on:
Aim: o Stability
o Complexity
T -1
Stability E [h"K,"h] <cs
Constraint:

Satisfied if K|, is the stable-spline kernel [Pillonetto and
De Nicolao 2010]

-
Complexity si{H(hH(h)'}
Constraint: 1D Z a; = cc
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Stable-Hankel Kernel: Maximum Entropy Derivation

Build Max-Entropy prior p,(h) satisfying constraints on:
Aim: o Stability
o Complexity
T -1
Stability E [h"K,"h] <cs
Constraint:

Satisfied if K|, is the stable-spline kernel [Pillonetto and
De Nicolao 2010]

Complexity E [hTPT(Q, ® I)PH] <
Constraint: [ (Qu® 1) }—CC

With a properly designed matrix Q
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Stable-Hankel Kernel: Maximum-Entropy Derivation

Problem:
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Stable-Hankel Kernel: Maximum-Entropy Derivation

Problem: pn(h) =argmax Hlp(h)]
st. E [hTK '] <cs Stability
E [hT P (Qa® I)Ph] < cc Low complexity
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Stable-Hankel Kernel: Maximum-Entropy Derivation

Problem: pn(h) =arg max Hlp(h)]
st. E [hTKP_lh] < s Stability
E [hT PT(QQ ® /)Ph] < cc Low complexity
S I . . As T 71h )\HhTPT NPh
olution: pn(h) o< exp —7h K, h— o> (Qa 1)
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Stable-Hankel Kernel: Maximum-Entropy Derivation

Problem: pn(h) =argmax Hlp(h)]
st. E [hTK '] <cs Stability
E [hT PT(Qa ® I)Ph1 < cc Low complexity
Solution: h AS Tty _ MM pTpT 1)Ph
o p7l( )ocexp _7 P _7 (Qa® )

J

po(h) =N (0, sKo !+ AuPT(Qu @ I)P]_1> <)

Gaussian
Prior:
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Stable-Hankel Kernel: Maximum-Entropy Derivation

Problem: pn(h) =argmax Hlp(h)]
st. E [hTK '] <cs Stability
E [hT PT(Qa ® I)Ph] < cc Low complexity
Solution: h AS Tty _ MM pTpT 1)Ph
o p7l( )ocexp _7 P _7 (Qa® )

p(h) = N (o, [k + AP (Qu @ 1)P] _1>

Gaussian

Prior: Stable-Hankel Kernel KﬁsH
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Stable-Hankel Kernel: Maximum-Entropy Derivation

Problem: pn(h) =argmax Hlp(h)]
st. E [hTK '] <cs Stability
E [hT PT(Qa ® I)Ph] < cc Low complexity
Solution: h AS Tty _ MM pTpT 1)Ph
o p7l( )ocexp _7 P _7 (Qa® )

p(h) = N (o, [k + AP (Qu @ 1)P] _1>

Gaussian

Prior: Stable-Hankel Kernel KﬁsH

Hyper-parameters: n=A{As, A, p, o}
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Gaussian Prior

py(h) ~ N(0, K3")

Giulia Prando Non-Param Bayesian Methods for Linear Sysld



Gaussian Prior

py(h) ~ N(0, K3")

Giulia Prando Non-Param Bayesian Methods for Linear Sysld



Gaussian Prior

py(h) ~ N(0, K3")

e Adopt Marginal Likelihood maximization to find the
hyper-parameters
7 = arg max py (y)
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Gaussian Prior

| at~vore |

e Adopt Marginal Likelihood maximization to find the
hyper-parameters
7 = arg max py (y)

e Get h in closed-form
N

~ . " —1
h=argmind_ [ly(t) = 9(¢h) |3 +h" (KE") " h

t=1
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Gaussian Prior

| at~vore |

e Adopt Marginal Likelihood maximization to find the
hyper-parameters
7 = arg max py (y)

e Get h in closed-form

N
~ . -1
h=argmind_ lly(t) =" (D% +h" (K5") " h
t=1
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Gaussian Prior

| at~vore |

e Adopt Marginal Likelihood maximization to find the
hyper-parameters
7 = arg max py (y)

e Get h in closed-form
N
~ . -1
h=argminy " [ly(t) = (DhlE + A" (k) h
t=1

—1 N

N
= e T+ (k)T S ey (e)
t=1 t=1
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Special Case Mohan and Fazel 2010; Hjalmarsson, Welsh, and Rojas 2012

N
h=argmin 3" lly(t) = (elM)IE +hT Ak, + AP (Qu @ 1)P]
t=1
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Special Case Mohan and Fazel 2010; Hjalmarsson, Welsh, and Rojas 2012

N
h=argmin 3" lly(t) = (elM)IE +hT Ak, + AP (Qu @ 1)P]
t=1

e Assume As =0
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Special Case Mohan and Fazel 2010; Hjalmarsson, Welsh, and Rojas 2012

N
h=argmin 3" lly(t) = (elM)IE +hT Ak, + AP (Qu @ 1)P]
t=1

e Assume As =0 = No stability constraint
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Special Case Mohan and Fazel 2010; Hjalmarsson, Welsh, and Rojas 2012

N
h=argmin Y |ly(t) = J{tIMIIF + hT [AsK; "+ AuPT(Qa @ 1)P] h
t=1

e Assume As =0 = No stability constraint

e Recall

h' P(Qa®1)Ph= z’: s{H(hH(h) "}

P
i=1 !

Non-Param Bayesian Methods for Linear Sysld

Giulia Prando



Special Case Mohan and Fazel 2010; Hjalmarsson, Welsh, and Rojas 2012

N
h=argmin Y |ly(t) = J{tIMIIF + hT [AsK; "+ AuPT(Qa @ 1)P] h
t=1

e Assume As =0 = No stability constraint

e Recall , -
T P(Qa @ 1)Ph = Z si{H(h)H(h) "}
Qi
i=1
e Assume a3 ==, = q,
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Special Case Mohan and Fazel 2010; Hjalmarsson, Welsh, and Rojas 2012

N
h=argmin Y |ly(t) = J{tIMIIF + hT [AsK; "+ AuPT(Qa @ 1)P] h
t=1

e Assume As =0 = No stability constraint

e Recall
hTP(Qa ® )Ph = z’: —S’I{H(hz{(h)T}

e Assume a3 =+ =, =, then

3 si{H(MHO) '} _ éHH(h)H(h)TH*

o
i=1 !
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Special Case Mohan and Fazel 2010; Hjalmarsson, Welsh, and Rojas 2012

h=argmin Y |ly(t) = J{tIMIIF + hT [AsK; "+ AuPT(Qa @ 1)P] h

e Assume As =0 = No stability constraint

e Recall .
T _ - s{H(H() T}
P(Q@/)Ph_; v
e Assume a3 =+ =, =, then
" si{H(h)H(h)" 1
S AR} L uimymem ).
i=1 !
Nuclear Norm o A
Regularization: /= argmmz Iy (8)=9(elmIIE + ~H(h)H(h) .
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Numerical Results

Setup:  Random MIMO systems, 5 inputs/5 outputs, 200 MC runs, N = 500
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Numerical Results

Setup:  Random MIMO systems, 5 inputs/5 outputs, 200 MC runs, N = 500
o 100 = |[hs — il
H ]: h = — 1 .
Impulse Response Fit: (h) pm ;21 12:1 ( [yl
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Numerical Results

Setup:  Random MIMO systems, 5 inputs/5 outputs, 200 MC runs, N = 500
o100 = i — byl
Impulse Response Fit: F(h) = Z Z 1- %
pm 2 2 s
100 — —
‘ * ! _ — - - Median
80 ﬁ g ﬁ i ﬁ E 1 of 7(h)
¥ ! ‘
¥ + - ‘ I | |
60~ & * t ‘ ‘ + .
! : e B
. : £ ' .
40 L + + + + 4
+ +
M
po _Pls3  Pus2  Pus3  Pusd PS6  Plis5  Plus2
PEM SH RNN NN PEM  N4SID SS
+0Or +CV +CV
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Numerical Results

Setup:  Random MIMO systems, 5 inputs/5 outputs, 200 MC runs, N = 500
o 100 G & by — hy ]l
Impulse Response Fit: F(h)y=— Z Z 1- %
pm 2 2 s
100 — —
I * ! _ - - - Median
80 | ﬁ g ﬁ i ﬁ E ] of F(h)
2 ! ‘ PEM+0O 86.7
¥ —+ - I | } } o
60~ & * t ‘ ‘ -+ .
! : -
1
401 * + % . * 1 PEM 78.9
1 + N4SID 81.9
po PS8  Pus2  Pus3  Puss PS6  Plis5 Plus2
PEM SH RNN NN PEM  N4SID SS
+0Or +CV +CV
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Numerical Results

e

N\
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Setup:  Random MIMO systems, 5 inputs/5 outputs, 200 MC runs, N = 500
o 100 G & by — hy ]l
Impulse Response Fit: F(h)y=— Z Z 1- %
pm 2 2 s
100 — —
‘ T ‘ _ — - - Median
80 - % ﬁ ﬁ ﬁ E ] of F(h)
H ! | PEM+Or 86.7
t = } ‘ | l SH 85.1
60} A ¥ . L T L] RNN4CV 846
) H : t NN-+CV 81.3
40 F b + ¥ - A PEM 78.9
1 + N4SID 81.9
jo L Plus3  Pus2  Pus3  Piusa PIS6  Plis5  Plus2 SS 7.8
PEM SH RNN NN PEM  N4SID SS
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Experimental Results

Setup:  Random MIMO systems, 5 inputs/5 outputs, 200 MC runs, N = 500
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Experimental Results

Setup:  Random MIMO systems, 5 inputs/5 outputs, 200 MC runs, N = 500

2 + + +
. - - =
1t 4%7 + | - | | | i
=
= ==—===]
PEM SH RNN NN PEM N4SID SS
+Or +CV +CV

P
[+
F.»
-

B H| F-1we]

P4
=
@
O

PEM SH RNN NN PEM
+Or +CV +CV
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Experimental Results

Setup:  Random MIMO systems, 5 inputs/5 outputs, 200 MC runs, N = 500

( )
Dggra(h) = XL |si(h) — si(h)]
2 ¥ ¥ +
+ - — -

L | | | | 4
I N=N=N=
LB == B = ]

PEM SH RNN NN PEM  N4SID  SS
L +Or +CV +CV y

P ‘

s

F.»

il

ill

H| ot

PEM SH RNN NN PEM N4SID SS
+Or +CV +CV
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Experimental Results

[ Setup:  Random MIMO systems, 5 inputs/5 outputs, 200 MC runs, N = 500 ]

( )
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Numerical Results

Setup: Fixed SIMO systems, 1 input/3 output, 200 MC runs, N = 500
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Conclusion

e We have derived a new Gaussian prior to jointly enforce stability
and low-complexity

e We have designed an iterative estimation algorithm

e Numerical experiments show that our algorithm outperforms

o Non-parametric Bayesian method using only Stable-Spline prior (on
MIMO systems)

o Classical and state-of-the-art parametric methods (especially in presence
of few data)
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Thanks for your attention
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