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@ A bank of linear time-invariant filters G(z) = (z/ — A)"1B, A€ R™", B € R"™1,

THREE-like spectral estimators

Ingredients

with A strictly (Schur) stable and (A, B) reachable

4
¥>0st ¥=[Gb,G*

@ A prior spectral density estimate W, (e/?) > 0, 6 € [-7, 7]

© A distance measure between spectral densities d(W,, ®,)

Task

Find ¢, = arg%@zis%r) d(V,,o,) st. ¥ = /Gd)yG*
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\
Kullback-Leibler divergence: S(V,[|®,) := [ W, Iong
y

No prior information: S(/||®,) /Iogd)

entropy gain!
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Y
Kullback-Leibler divergence: S(V,[|®,) := [ W, Iong
y
Problem KL

Find ®, = argq)reng?mS(\UdeDy) st. X = /GCDyG*

Existence of solutions?

> €¢Rangel, T: XH/GXG*,

X complex-valued continuous function on the unit circle

(many other equivalent conditions...)
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y
Problem KL

Find ®, = argq)reng?mS(WdeDy) st. X = /GCDyG*

Solutions?

Solution to Problem KL is unique and has the form

o — Y nxn Ak s .
Y = GG ANe C™" AN=N*,  Hermitian matrix!
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1 G*AG >0 forall g 2 /GG*/\GG =3
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Kullback—Leibler framework
[Georgiou & Lindquist, IEEE TIT, 2003]

Y
Kullback-Leibler divergence: S(V,[|®,) := [ W, Iong
y
Problem KL

Find ®, = argd)g?mS(Wde)y) st. X = /GCDyG*

Solutions?

Solution to Problem KL is unique and has the form*

~

v, y /
= nxn = * w :]_
y=Eag NECTT A=A, [V,

. \Uy
1 G*AG >0 forall 8 2 ./GG*/\GG

* after “normalization” of W, and X~
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Numerical solution

How to solve Problem KL numerically?

1

‘ fixed-point algorithm ‘

gradient-based approach

[Georgiou & Lindquist, IEEE TIT, '03] [Pavon & Ferrante, IEEE TAC, '06]

numerical issues due
X to re-parametrization of v’
admissible solutions

numerically stable
and extremely simple
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Pavon—Ferrante algorithm
[Pavon & Ferrante, IEEE TAC, 2006]
Niey1 = Al/z/ GLG*Al/z N € C™", Ng >0
k G*/\kG k ' ’
tr(/\o) =1

(preserves unit trace and positivity)
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v
N1 = /\1/2/ GG*/\y GG*Ai/z No € C™", Ao >0,
k
tr(/\o) =1

(preserves unit trace and positivity)

If the iteration converges to a positive definite fixed point A > 0
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Pavon—Ferrante algorithm
[Pavon & Ferrante, IEEE TAC, 2006]

v
N1 = /\1/2/ GG*/\y GG*/\i/z No € C™", Ao >0,
k
tr(/\o) =1

(preserves unit trace and positivity)

If the iteration converges to a positive definite fixed point A > 0

Yy 6oy
*ANG

v 1 G*AG >0 forall 6 v 2 /GG

~ \UJ
v’ ¢, = G*/z\/G solution to Problem KL
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What about convergence?

Local convergence to (closure of set of) positive definite fixed points
[Ferrante, Ramponi & Ticozzi, IEEE TAC, 2011]

v~ Global convergence to a fixed point

(proof based on a Lyapunov argument)

I— positive definite?

Not guaranteed, but the algorithm can be modified in order
to ensure global convergence to a positive definite fixed point
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Modified PF algorithm

e |01 |0
S A= [0 o]' B = H
/ \ 1.25
/= Vv, (z) = —
o aae) |
key idea
\ P Add a suitable “correction”
e term whenever the trajectory
S —— | approaches the boundary
—1 -0.5 0 0.5 1
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Multivariate parametric extension
[Ferrante, Pavon & Zorzi, book chap., 2010]
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[Ferrante, Pavon & Zorzi, book chap., 2010]
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[Ferrante, Pavon & Zorzi, book chap., 2010]

multivariate (m > 1)

R > (/]\)y’/\ = Wy_,/% \lly y_,/T' GG = W;,A Wy,/\

m X m spectral densities outer spectral factor

A€ L:={A=A": G*\G >0}

the parameter

+ moment constraint: /GCTDY’AG* =
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Existence of a solution?

Q: Given X > 0, ¥ € RangeTl, does there exist A € L such that

/GchG* —x ?

partial answer

Yes, if ¥, = M1, M = M* > 0 constant, 1), scalar spectral density
[Ferrante, Pavon & Zorzi, book chap., 2010]

complete answer
Yes, for any m x m prior spectral density W !

uniqueness? (proof based on a homotopy argument)

computation
of solutions?
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To sum up...

Maximum entropy estimation methods offer an attractive and effective alternative
to standard spectral estimation techniques. The THREE paradigm can be thought
of as a (considerable) generalization of these methods.

In the THREE setting, we investigated the convergence of an efficient algorithm
for the Kullback—Leibler estimation of spectral densities and the feasibility of a
parametric multivariate extension of the latter problem.




Thank you for your attention!
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