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Case study

Final Objective

To design collaborative
control strategies to steer a
fleet of AUVs (Autonomous
Underwater Vehicles) toward
the source localization of a

scalar field

Proposed solution: Mobile Sensor Networks

Fleet of AUVs ⇒ Formation control of multi-agent systems

Exchange of information ⇒ Collaborative Control

Underwater scenario ⇒ Communication constraints
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Lara Briñón Arranz Cooperative Control Design of Multi-Agent Systems: Application to Underwater Missions 4 / 40



Introduction Problem Statement Circular Formation Elastic Formation Source-Seeking Conclusion

2. Problem Statement: Control strategy

Formation control of multi-agent systems: circular formation and
other formations

Collaborative Control: uniform distribution along the formation

Communication constraints: Distributed algorithm for
source-seeking

AUVs

SENSOR

NETWORK

FORMATION
CONTROL

COLLABORATIVE
SOURCE-SEEKING

agents’ position

center

measurements
control

reference

inputs
signal
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Model of the AUVs
ω0

2π
N 2π

N

2π
N

Unicycle model

Fleet of N agents, in which
each agent k = 1, ...,N has
the following constrained
dynamics:

ẋk = vk cos θk

ẏk = vk sin θk

θ̇k = uk

rk = (xk , yk)T is the position vector of agent k
θk is its heading angle
vk , uk are the control inputs
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3. Time-varying Circular Formation Control
ω0

2π
N 2π

N

2π
N

AUVs
SENSOR

NETWORK

FORMATION

CONTROL
COLLABORATIVE

SOURCE-SEEKING

agents’ position

center

measurements
control

reference

inputs
signal

TIME-VARYING

CIRCULAR FORMATION
GENERAL FRAMEWORK

AFFINE TRANSFORMATIONS

translation

scaling

uniform distribution

elastic formation

motion tracking

cooperative algorithms
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Previous works: Collective Circular Motion
ω0

2π
N 2π

N

2π
N

Unicycle model with unit speed vk = 1 ∀k
Cooperative approach: the vehicles only know relative
distances rk − rj
Formation center: results from a consensus algorithm

r̃k = rk − cm =
1

N

N∑
j=1

(rk − rj)

Circular Formation Control Law
[Leonard et al. 2007, Sepulchre et al. 2007]

uk = ω0

(
1 + κr̃Tk ṙk

)
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Translation Control Design [Briñón-Arranz et al. CDC’09]
ω0

2π
N 2π

N

2π
N

To stabilize each AUV to a circular motion with constant radius R
tracking a time-varying center c(t).

Coordinates transformation

r̂k , rk − c(t)

Transformed system

Imposed dynamics to r̂k

˙̂xk = R|ω0| cosψk

˙̂yk = R|ω0| sinψk

ψ̇k = ûk

rk

c

x

y

r̂k ċ
ŷ

x̂

ûk = ω0(1 + κ ˙̂rTk (ψk)(rk − c))
is a circular control law
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Translation Control Design
ω0

2π
N 2π

N

2π
N

Control strategy

Reference model: relation between the original system
(position vector of each agent) and the reference system
(relative position vector)

Fixed circular control law: the reference system is stabilized
to a circular motion with fixed center

Tracking approach:
- Transformed system (with imposed closed loop dynamics) is
considered as a reference =⇒ Reference tracking
- Aim: ṙk → ˙̂rk + ċ and r̈k → ¨̂rk + c̈
- Control inputs (v̇k , uk)

Lara Briñón Arranz Cooperative Control Design of Multi-Agent Systems: Application to Underwater Missions 10 / 40



Introduction Problem Statement Circular Formation Elastic Formation Source-Seeking Conclusion

Translation Control Design
ω0

2π
N 2π

N

2π
N

Control strategy

Reference model: relation between the original system
(position vector of each agent) and the reference system
(relative position vector)

Fixed circular control law: the reference system is stabilized
to a circular motion with fixed center

Tracking approach:
- Transformed system (with imposed closed loop dynamics) is
considered as a reference =⇒ Reference tracking
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Theorem: Translation of a circular motion
ω0

2π
N 2π

N

2π
N

Translation Control Law

v̇k = −βvk +
ψ̇k ṙTk Rπ

2

˙̂rk + ṙTk (c̈ + β(˙̂rk − ċ))

vk

uk =
ψ̇k ṙTk ˙̂rk + ṙTk RT

π
2

(c̈ + β(˙̂rk − ċ))

v2
k

where β > 0 and R π
2

=

(
0 −1
1 0

)
makes the AUVs converge to a circular

motion tracking the time-varying center c.

The center c(t) and its derivatives ċ(t), c̈(t) are external given
references.

ψ̇k = ûk = ω0(1 + κ ˙̂rTk (ψk)(rk − c))

Singular point when vk = 0
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Proof
ω0

2π
N 2π

N

2π
N

The convergence of the transformed system to a fixed circular
motion is analyzed with the Lyapunov function:

S (̂r, ψ) =
1

2

N∑
k=1

∥∥∥ ˙̂rk − ω0Rπ
2
r̂k

∥∥∥2
≥ 0

Equilibrium point when S (̂r, ψ) = 0

˙̂rk = ω0Rπ
2
r̂k ⇒ ˙̂rk ⊥ r̂k =⇒︸︷︷︸

if ṙk→˙̂rk+ċ

ṙk = ċ + ω0Rπ
2

(rk − c)

Differentiating

Ṡ (̂r, ψ) =
N∑

k=1

ω0
˙̂rTk r̂k(ω0 − ψ̇k) = −κ

N∑
k=1

(ω0
˙̂rTk r̂k)2 ≤ 0

Lara Briñón Arranz Cooperative Control Design of Multi-Agent Systems: Application to Underwater Missions 12 / 40



Introduction Problem Statement Circular Formation Elastic Formation Source-Seeking Conclusion

Proof
ω0

2π
N 2π

N

2π
N

The control inputs of the original/real system are defined by a
reference tracking process. The tracking error is denoted by:

ek = ṙk − (˙̂rk + ċ)

We impose the following error dynamics to make the error ek
converge to zero:

ėk = −βek
And this equation determines the control inputs (v̇k , uk) because:

v̇k
vk

ṙk + ukRπ
2
ṙk − ψ̇kRπ

2

˙̂rk − c̈ = −β(ṙk − ˙̂rk − ċ)
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Simulation
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Scaling Control Design [Briñón-Arranz et al. ACC’10]
ω0

2π
N 2π

N

2π
N

To stabilize each AUV to a circular motion centered at a fixed
point c whose radius tracks the time-varying reference R(t).

Coordinates transformation

r̂k , rk−c
R(t)

Transformed system

Imposed dynamics to r̂k

˙̂xk = |ω0| cosψk

˙̂yk = |ω0| sinψk

ψ̇k = ûk

rk

c

rk − c

x

y

R(t)

1
r̂k

ûk = ω0(1 + κ ˙̂rTk (ψk)(rk − c))
is a circular control law
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Simulation
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Uniform distribution along a circular formation
ω0

2π
N 2π

N

2π
N

Motivations

Formation control: previous translation/scaling control laws
are not cooperative.

Phase arrangement of vehicles is arbitrary

Uniform distribution of a circular formation is appropriate for
a source-seeking mission (Lemma: gradient approximation)

Definition

φkj =
2π

N

where φkj = φk − φj represents the angular
difference between two adjacency vehicles.

ω0

2π
N 2π

N

2π
N
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Definition

˙̂rk ⊥ r̂k ⇒ φk = ψk −
π

2

Therefore φkj = ψkj

ω0

2π
N 2π

N

2π
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Uniform Distribution Control Design
ω0

2π
N 2π

N

2π
N

Previous works [Paley et al. 2005, Sepulchre et al. 2007/08] are
based on the ideas from synchronization of coupled oscillators.

Potential function U(ψ)

Invariant to rotations ∇U1 = 0

Heading angles of transformed system
Bm = (cosmψ1, sinmψ1, . . . , cosmψN , sinmψN)T

Communication constraints: Laplacian matrix L̄ = L⊗ I2

U(ψ) =
K

N

bN/2c∑
m=1

1

2m2
BmL̄Bm

Complete graph ⇒ Uniform distribution is the only equilibrium
point of U(ψ)
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Theorem
ω0

2π
N 2π

N

2π
N

Circular formation control law with uniform distribution

Translation/scaling control law +

ψ̇k = ω0(1 + κ ˙̂rTk (rk − c))− ∂U

∂ψk

∂U

∂ψk
= −K

N

∑
j∈Nk

bN/2c∑
m=1

sinmψkj

m

Proof:
V (̂r, ψ) = κS (̂r, ψ) + U(ψ) ≥ 0

V̇ (̂r, ψ) =
N∑

k=1

(
κω0r̂Tk ˙̂rk −

∂U

∂ψk

)
(ω0 − ψ̇k) ≤ 0
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Limited Communication Range [Briñón-Arranz et al. ACC’10]
ω0

2π
N 2π

N

2π
N

1

Fixed connected Balanced symmetric
communication graph

2

3

4

1

4

3

2

pattern

Critical communication distance ρ

j ∈ Nk ⇒ ‖rk − rj‖ ≤ ρ

Geometrical condition:

ρ > 2R sin
π

N

ρ
2 R

‖rk − rj‖ ≤ ρ

agent k

agent j

2π
N
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Simulations
ω0

2π
N 2π

N

2π
N
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Conclusions
ω0

2π
N 2π

N

2π
N

Stabilization of a single vehicle to a circular motion which
tracks a time-varying center c(t) or a time-varying radius
R(t).

c(t) and R(t) are external given references

Uniform distribution of vehicles along the time-varying
circular formation.

Limited communication range: to avoid other phase
arrangement
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4. Elastic Formation Control Design

AUVs
SENSOR

NETWORK

FORMATION

CONTROL
COLLABORATIVE

SOURCE-SEEKING

agents’ position

center

measurements
control

reference

inputs
signal

TIME-VARYING

CIRCULAR FORMATION
GENERAL FRAMEWORK

AFFINE TRANSFORMATIONS

translation

scaling

uniform distribution

elastic formation

motion tracking

cooperative algorithms
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Affine Transformations

ω0
ω0 ω0 ω0

cd(t)

Rd(t)

α

TRANSLATION SCALING ROTATION

Tc =

 1 0 cx
0 1 cy
0 0 1


T−1
c = T−c

S =

 sx 0 0
0 sy 0
0 0 1


sx > 0, sy > 0

Rα =

 cosα − sinα 0
sinα cosα 0

0 0 1


R−1
α = RT

α

Homogeneous Coordinates

The homogeneous coordinates of a vector z ∈ R2 are defined by
zh = (zx , zy , 1)T .
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Elastic Formation

General transformation G

G =
I∏
i

J∏
j

K∏
k

SiRαj Tck

Elastic Formation F
F is a curve which results of
applying G to the unit circle C0

F = G ◦ C0

R = 1

ω0r̂k

ŷ

x̂

C0
unit circle

α

c
rk

y

x

F
elastic formation

F = G ◦ C0

ω0

G
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Elastic Motion Control Design [Briñón-Arranz et al. ACC’11]

To stabilize each AUV to an elastic motion F = G ◦ C0.

Coordinates transformation

r̂k , G−1rk

Transformed system

Imposed dynamics to r̂k

˙̂xk = |ω0| cosψk

˙̂yk = |ω0| sinψk

ψ̇k = ûk

ûk is a circular control law R = 1

ω0r̂k

y

x

C0
unit circle

α

c
rk

y

x

F
elastic formation

F = G ◦ C0

ω0
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Simulation
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Conclusions

Definition of Elastic Formation based on affine
transformations.

Stabilization of a single vehicle to an elastic motion which
tracks several time-varying parameters.

Desired motion parametrized by a few number of parameters.

Uniform distribution of vehicles along the time-varying elastic
formation.
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5. Collaborative Source-Seeking

AUVs
SENSOR

NETWORK

FORMATION
CONTROL

COLLABORATIVE

SOURCE-SEEKING

agents’ position

center

measurements
control

reference

inputs
signal

approximation of gradient direction

distributed estimation algorithm

collaborative source-seeking
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Source-Seeking

Problem Formulation

Scalar field: continuous signal distribution σ(rk)

SOURCE

∇σ(c) c

ω0

r1 − c

r2 − c
r4 − c

r3 − c

SOURCE

∇σ(c)
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Source-Seeking

Approximation of the gradient of a scalar field

Lemma: Gradient Approximation [Briñón-Arranz et al. CDC’11]

1

N

N∑
k=1

σ(rk)(rk − c) =
R2

2
∇σ(c) + o(R2)

ω0

r1 − c

r2 − c
r4 − c

r3 − c

SOURCE

∇σ(c)

Proof:
Based on multi-variable Taylor se-
ries expansion of σ at c:

σ(rk)−σ(c) = ∇σ(c)(rk−c)+o(R)

and applying trigonometric propri-
eties.
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Source-Seeking

Distributed solution

Each agent estimates its own gradient direction zk

Each agent receives the estimated direction of its neighbors

Distributed algorithm to obtain the same estimated direction
(to keep the circular formation)

This estimated direction will be
the reference velocity of the
formation center in order to
steer the group of agents to the
source location.
In this work, we consider a
fixed center

ω0

r1 − c

r2 − c
r4 − c

r3 − c

SOURCE

∇σ(c)
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Source-Seeking

Distributed solution

Each agent estimates its own gradient direction zk

Each agent receives the estimated direction of its neighbors

Distributed algorithm to obtain the same estimated direction
(to keep the circular formation)

The objective is to make all es-
timated directions zk converge to
the mean direction defined as:

g∗ =
1

N

N∑
k=1

gk ; gk = σk(rk − c)

ω0

r1 − c

r2 − c
r4 − c

r3 − c

SOURCE

∇σ(c)

g∗ approximates the gradient direction of signal distribution at c
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Theorem: Distributed estimation [Briñón-Arranz et al. CDC’11]

Distributed Algorithm based on Consensus Filters

żk = −κ
∑
j∈Nk

(zk − zj) +
∑
j∈Jk

(gj − zk)

If g∗ satisfies ‖ġ∗‖ ≤ ν, then z∗ = 1⊗ g∗ is a globally asymptotically
ε-stable equilibrium with

ε =
(ν
√

2N(1 + dmax) + αγ)λ
1
2
max(Aκ)

λ
5
2

min(Aκ)

Proof:

error equation η = z− 1⊗ g∗

error dynamics η̇ = ż− 1⊗ ġ∗ = −Aκz + Bg− 1⊗ ġ∗

where Aκ = (IN + ∆ + κL)⊗ I2 and B = (IN +A)⊗ I2

Lyapunov function V = 1
2η

TAκη ≥ 0
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Simulations
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Simulations (Input-average Consensus Algorithm)
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Simulations with time-varying source
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6. Conclusions

Formation Control

Stabilization of a fleet of AUVs to a time-varying circular
motions (based on ideas from collective circular motions)

Main idea: coordinates transformation + reference
tracking

Generalization to stabilize the AUVs to elastic formations

Uniform distribution of vehicles along the formation

Collaborative Source-Seeking

Lemma: approximation of the gradient

Distributed algorithm to estimate the gradient direction

Analysis of the algorithm with a time-varying source
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Perspectives

Formation Control

Generalization of proposed methodology to collective motions

Time-varying formation in a flowfield

Extension to 3-dimensions?

Consider obstacle avoidance techniques

Collaborative Source-Seeking

Lemma in the case of time-varying circular formation?

Source-seeking algorithm: time-varying formation control +
distributed estimation of the gradient

Other communications problems (noise, packet drops, time
delays)
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Ongoing research

Cooperative Translation Control based on Consensus with
Reference Velocity: a Source-seeking Application with a Fleet of
AUVs

AUVs

TRANSLATION
CONTROL

CONSENSUS

ALGORITHM

agents’ position
control
inputs

pck vck ack

VELOCITY

REFERENCE

vref
c

arefc
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