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Mean field games Introduction
Examples, (O. Guéant et al. 2011)

Advection
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» density m(z,t) in x evolves
according to advection equation

om + div(m - u(z)) =0
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Mean field games Introduction
Examples, (O. Guéant et al. 2011)

Mean field games

» Agents wish to minimize J =

[ Yu@r + gla.men) |+ Ga@).m(.1)
—_— N———

...on state & distribution ...on final state

penalty on control
» optimal control u(t) = —VzJ
» coupled partial differential equations
—0J + 3|V J 2 = g(z,m) (HJB) - backward

u

p— g
3

/
(
\

Orm ~+ div(m - u(x)) =0 (advection) - forward

» boundary conditions
’I’I’L(,O) = mo, J($7T) :G(l‘,m(,T))
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Mean field games Introduction
Examples, (O. Guéant et al. 2011)

Hamilton Jacobi Bellman

» From Bellman

. 1
J(zo,to) = miny, [=|ul® + g(z,m)]dt + J(xo + dx, to + dt)
N——r 2 g
today’s cost stage cost future cost

» Taylor expanding future cost

J(xo + dz,tg + dt) = J(zo,to) + O Jdt + VJidt

1 u
> min, [i\u\z + g(z,m) + 0J + VIJ’;:'W =0

Hamiltonian
» optimal control u(t) = —V,J yields

1
—0yJ + §\vxj\2 = g(x,m) HIB
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Mean field games Introduction
Examples, (O. Guéant et al. 2011)

Stochastic differential game

» stochastic dynamics is

dx = udt + od By

» dB; infinitesimal Brownian motion

> Mean field games (A = 37 | 2 e Laplaman)

2

—0pJ + 3|V |2 = AT = g(z,m) (HJB)-backward
[ b
“\

I'm
\ /
2

oym + div(m - u(z)) — G Am =0 (Kolmogorov)-forward
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Mean field games Introduction
Examples, (O. Guéant et al. 2011)

Hamilton Jacobi Bellman (with dz = udt + odBy)

» From Bellman

1
J(zo,t0) = ming [=|u> + g(z,m)]|dt + BJ(z¢ + dz, to + dt)
~—— 2 ~~
today’s cost exp. future cost

stage cost

» Taylor expanding future cost (EdB; = 0, EdB}? — dt)

1
J(zo+dx, to+dt) = J(xo, to)+0,Jdt+EV y Jdz + E=da' V2 Jdx
SN——— 2

Vedudt T
Z-AJEdB}

1 2
> min, [§\u\2 +g(x,m)+ 0J + VyJu+ %AJ] =0

Hamiltonian

» optimal control u(t) = —V,J yields

1 o?
—0J + §|VIJ|2 - 7AJ =g(z,m) HIB



Mean field games Introduction
Examples, (O. Guéant et al. 2011)

Average cost

» J = Elimsupp_,, % f() [% H? + gz (t),m(',t))} dt
» Mean field games (A =Y " 6— Laplacian)

i=1 §a?
A+ LV TP — G AT = g(a,m) (HIB)
[ b
u | Im
\ /
div(m - u(z)) — %Am =0 (Kolmogorov)
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Mean field games Introduction
Examples, (O. Guéant et al. 2011)

Discounted cost

> T = B f5Te  Lu®) + g(a(t), m(, )] dt
> Mean field games (A = S°7 , 2% Laplacian)

i=1 927
—0J + Y|V J2 = T AT + pJ = g(a,m) (HJB)
\ /
Oym + div(m - u(x)) — %QAm =0 (Kolmogorov)
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Mean field games Introduction
Examples, (O. Guéant et al. 2011)

Mexican wave (mimicry & fashion)

> state z = [y, z], y € [0, L) coordinate, z position:

1 standing . .
z = { 0 seated ' Z°€ (0,1) intermediate
» dynamics dz = udt (u control)
» penalty on state and distribution g(z,m) =
1 1 -y
K2(1-2)7 4+ /(z — 22m(yit, 2)-s(L—Yyazdy
N — € €

€

comfort .
mimicry
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Mean field games Introduction
Examples, (O. Guéant et al. 2011)

Meeting starting time (coordination with externality)

—Tmaz 0

» dynamics dx; = u;dt + cd By
> 7; = ming(x;(s) = 0) arrival time, t5 scheduled time,
t actual starting time
» penalty on final state and distribution
G(@(7), m(, 7)) = aalfi — ts|+ + colfi — U]y +eslt — 7|4
— —
reputation  inconvenience waiting
» people arrived up to time s: F(s) = — [ 9,m(0,v)dv
» starting time £ = F'~1(6), (6 is quorum)
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Mean field games Introduction
Examples, (O. Guéant et al. 2011)

Large population (herd behaviour)

» behaviour dynamics
dx; = u;dt + od By

> penalty
glarsm) = 6 — [ ymly. )
| —

average

> discounted cost J = E [;¥ e~ [%|u(t)\2 + g(x(t),m(-,t))}dt

» mean field game with discounted cost

—OJ + Y|V J2 = T AT + pJ = g(a,m) (HJB)
/ A
u| Im
/
om + div(m - u(x)) — "—;Am =0 (Kolmogorov)
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a game the ic perspective
Connections to consensus from state- ck NE to mean-field NE

Consensus

.’1'71 (t) u(ml

Eo(t) = u(za(t), 2t

N “dynamic agents” (vehicles, employes, computers,...)
...described by differential (difference) equations

model interaction through communication graph
vector () represents neighbors’ states

vVvYyVvyy

main feature: one agent is influenced only by neighbors:
#i(t) = ul@i(t), 29 (¢))
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a game theoretic perspective
Connections to consensus from state-feedback NE to mean-field NE

why “consensus”?

T (t) = 'LL(LL‘l

Eo(t) = u(za(t), 2(¢

» use local control u(xz;, (")

» .. to converge to global “consensus value”
x(t) — ave(z(0))

> consensus originates from computer science

» shown connections to potential games
[Lynch, Morgan Kaufmann, 1996], [Shamma et al., Trans. on Systems, Man, and-Cyb., to appear]|
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a game the ic perspective
Connections to consensus from state- ck NE to mean-field NE

Where is game theory here?

dy(t) = ulm(t), 2 (¢
J2($2, .73(2))

» Assign N local objective functions J;(z;, (")) so that..
» if local control u(x;, (") is optimal w.r.t. J;(z;, z®)
» all states converge to global “consensus value”

x(t) — ave(z(0))

[Lynch, Morgan Kaufmann, 1996], [Shamma et al., Trans. on Systems, Man, and-Cyb., to appear]|
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a game theoretic perspective
Connections to consensus from state-feedback NE to mean-field NE

Linear quadratic consensus problem

» linear dynamics &; = a;x; + bju;
» objective functions
Ji(zi, 2@, u) = 3 [T e rt [|u(t)\2 + (@i — x(i))ﬂdt
» averaging over neighbors z(?) = 37 jeN, WijT;
» in compact form
i = Az + YN, Biw;
Ji(zi, 2D ;) = 5 [ e rt {Rzu? + x’Qx} dt
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a game theoretic perspective
Connections to consensus from state-feedback NE to mean-field NE

Feedback Nash Equilibrium

» Nash equilibrium strategies are linear in state:
u; = pi(x,t) = —R; 'BiZ;x

» Z,; are solutions to the coupled Riccati equations
!/
Zi(A=8:2:) + (A=Y i) Zi+ 2.8+ Qi = piZ,
i=N i=N

» S, = B/R'R;
» drawback:

1. can be convoluted when N is large,
2. strategies use full state vector
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a game theoretic perspective
Connections to consensus from state-feedback NE to mean-field NE

Linear (averaging): Arithmetic Mean

@

height

V.
.4

0 05 1 15 2 25 3 35 4 45 5
time

» local linear control: u(z;, z(")) = > jen; (T — ).

, 2
» local quadratic objective: F(z;,z()) = (ZjeNi (x; — xz)> ;
Ji(zi, 20 ug) = limp o fOT (F(2s,29) + pu?) dt

[Olfati-Saber, Fax, Murray, Proc. of the IEEE, 2007], [Ren, Beard, Atkins, ACC 2005]
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a game the

rspective
from state-

Connections to consensus < NE to mean-field NE

Nonlinear 1/2 (Geometric Mean)

height

0

1%
.4

L L L L
03 0.4 05 06 07
time.

» local nonlinear control: u(z;, ™) = x;

ZjeNi (zj — @)

2
(xi 2jen, (T — xi)) ;

[Bauso, Giarre, Pesenti, Systems and Control Letters, 2006], [Cortes, Automatica, 2008]

» local objective: F(z;,z()) =
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Connections to consensus

a game the
from state-

rspective

< NE to mean-field NE

Nonlinear 2/2 (Harmonic Mean)

» local nonlinear control: u(z;,z(®)

» local objective: F(z;, 2®)

height

o 2%

0 0.02

0.04 0.06

Ji(azi, CII(Z),’U,Z) = limT,Hoo fDT

0.08 0.1 0.12

= _3%2 ZjeNi (zj — i)

2
(2 S, (25— 7))
(F(2s,29) + pu?) dt

[Bauso, Giarre, Pesenti, Systems and Control Letters, 2006], [Cortes, Automatica, 2008]
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a game theoretic perspective
Connections to consensus from state-fee ck NE to mean-field NE

Disturbances 1/2 (Stochastic)

V3

I

» Least-mean square consensus

time

[Xiao, Boyd, Kim, J. Parallel and Distributed Computing, 2007]
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a game theoretic perspective
Connections to consensus from state-feedback NE to mean-field NE

Time-varying topology 1/3

» discrete-time gossip algorithms
»att=1

» Pick (randomly) one edge (i,7) and an increasing odd
function f(.)

> it 1) = ai(t) + f(2i(t) —2;(0))
> oxi(t+ 1) = 25(t) + [z (t) — 2i(t))

[Boyd et al., IEEE trans. on Information Theory, 2006], [Giua et al., TAC, in press]
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a game theoretic perspective

Connections to consensus from state-feedback NE to mean-field NE

Time-varying topology 2/3

> att =2
» Pick a second edge (k,1)
> ap(t+1) =a(t) + f(@et) — ()
>zt + 1) =a(t) + f(@(t) — 2x(t))
and so on for t = 3,4, ...

[Boyd et al., IEEE trans. on Information Theory, 2006], [Giua et al., TAC, in press]
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a game theoretic perspective
Connections to consensus from st { k NE to mean-field NE

Time-varying topology 3/3

» slow convergence

[Boyd et al., IEEE trans. on Information Theory, 2006], [Giua et al., TAC, in press]
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ame theoretic perspective

from state-feedback NE to mean-field NE

Connections to consensus

From state-feedback NE to Mean field-feedback NE

» state feedback NE strategies P () -

@\ T

i \ 5 i

up = pi(z,t) = p (w1, 22,... 27, ) | ¥ |
L o, \

\\;1\ | \\\

N e 8

6

U’ N/ O,
N =

(5)

&

» individual state feedback NE
strategies u; = pi(x1,m, t)

> m is aggregate and exogenous
representation of xo, ..., x7
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ame theoretic perspec
Connections to consensus flon'l state-feedback NE to nlean—ﬁeld NE

homogeneous agents and complete graphs

> density m(z,t) = imy_oo % SN L,
» average m(t) = [ am(z,t)dz
» track average signal m(t) (exogenous)

- L Y g —\2

0
> initial states distribution m(z,0) = mg (z; € R)
» distribution evolution
om + Oz ((ax 4+ bu)m(x,t)) =0 (advection)
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a game theoretic perspective

Connections to consensus from state-feedback NE to mean-field NE

Feedback mean-field equilibrium

» Solve tracking problem via Riccati method and plug the
optimal u in advection (below)

i

19} 9]
U = _% (.S‘.Ti s k) am(ﬂ:. t) + e ((ax + bu) -m(z.t)) =0
(Qn',fp)erlfb—:s2 = 0 m(z,0) = mg

Il
=

2
(a~pf%s) ke —m(t) m :] xm(z,t)dr
zER

D

» solve advection and plug resulting m in offset condition
(above)
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Connections to consensus

Extensions

» Consensus with malicious
agents

» applications:
communication/social
networks

» malicious agent s:

L Y ())2 7.)2
Jo=5 [ e lul (= an)(@s =2 + oo — 3,)? |t
0

track neighbors track T
» stochastic dynamics

de‘i = (aixi + bzuz)dt + UidBit
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Connections to consensus from state- feedback NE to nlean—ﬁeld NE

Conclusions

» Mean field games require solving coupled partial
differential equations (HJB-Kolmogorov)

» consensus translates into a mean field game when infinite
homogenous players (large population)

» analyze consensus with malicious agents

» inspect connections with opinion dynamics with stubborn
agents in social networks

» mean field stochastic games
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ame theoretic perspec
Connections to consensus flon'l state-feedback NE to nlean—ﬁeld NE
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