σ^2_n σ^2_w s(·)

(1 − 1.5z^{−1} + 0.6z^{−2})s(t) = (1 − 2z^{−3})n(t) t ∈ Z

s(t) = F (z)n(t)

F (z) = z^3 − 2 z^3 − 1.5z^2 + 0.6z

= 1 +

1.5z^2 − 0.6z − 2 z^3 − 1.5z^2 + 0.6z

n(·) σ^2_n t = 0 s(·) � z(t + 1) = z(t) + s(t) y(t) = z(t) + w(t)

z(0) = 0 w(·) σ^2_w n(·)

� x(t + 1) = A_c x(t) + B_c n(t) s(t) = C_c x(t) + D_c n(t)

A_c = � � 0 1 0 0 0 1 0 −0.6 1.5

� � B_c = � � 0 0 1

� �

C_c = � −2 −0.6 1.5 � D_c = [ 1 ]

x(·) = [ x_c(·) z(·) ]^T y(·)

� x(t + 1) = A x(t) + v(t) = A x(t) + B n(t) y(t) = C x(t) + w(t) = C x(t) + w(t)

A = � � � 0 1 0 0 0 0 1 0 0 −0.6 1.5 0 −2 −0.6 1.5 1

� � � = � A_c 0_{3,1} C_c 1_{1,1} �

B = � � � 0 0 1 1

� � � = � B_c D_c �

C = � 0 0 0 1 � D = [ 1 ]

σ^2_n σ^2_w

(F, C) (F, ~Q) F ~Q � Q S S^T R � = � Bσ^2_nB^T 0 0 Dσ^2_wD^T � =

� � � �

0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 1 1 0 0 0 0 0 1

� � � �

~Q = Q − SRS^T = � � � 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1

� � � = Q

F = A − SR^{−1}C = � � � 0 1 0 0 0 0 1 0 0 −0.6 1.5 0 −2 −0.6 1.5 1

� � � = A kalman.m

Λ(t) = C · P (t|t − 1) · C^T + R

L(t) = P (t|t − 1) · C^T · Λ(t)^{−1}

K(t) = F · L(t)

G(t) = K(t) + S · R^{−1}

Γ(t) = A − G(t) · C

X(t|t) = L(t) · (Y (t) − C · X(t|t − 1)) + X(t|t − 1)

X(t + 1|t) = Γ(t) · X(t|t − 1) + G(t) · Y (t)

P (t + 1|t) = F · [P (t|t − 1) − P (t|t − 1) · C^T · Λ(t)^{−1} · C · P (t|t − 1)] · F^T + ~Q

x̂(0| − 1) P (0| − 1) z(0) = 0 x̂(0| − 1) x̂_s(0| − 1) = Σ_{xz}Σ^{−1}_z z x̂(0| − 1) = [ 0 0 0 0 ]^T

z(0) = 0 P (·) P_s(0|−1) P_s(0| − 1) = Σ_x − Σ_{xy}Σ^{−1}_y Σ_{yx} s = x z_0 = y Σ_s dlyap Σ_s = A · Σ_s · A^T + B · σ^2_n · B^T Σ_{z0} = C_c · Σ_s · C^T_c + D_c · σ^2_n · D^T_c Σ_{xz0} = A_c · Σ_s · C^T_c + B_c · σ^2_n · D^T_c

P (0| − 1) = � P_s(0) 0 0 0 � = � � � 6.7940 8.2383 8.7241 0 8.2383 10.4663 11.0363 0 8.7241 11.0363 12.4417 0 0 0 0 0

� � �

(F, C) (F, Q)

P̄ = F · [P̄ + P̄ · C · (C · P̄ · C^T + R)^{−1} · C^T · P̄ ]F^T + ~Q

dare P̄

P̄ = � � � 9.5243 10.1831 9.5600 −6.0065 10.1831 11.6854 11.4182 −4.9587 9.5600 11.4182 12.3913 −2.8341 −6.0065 −4.9587 −2.8341 10.3781

� � �

Λ̄ = C · P̄ · C^T + R = 11.3781

L̄ = P̄ · C^T · Λ̄^{−1} = � � � −0.5279 −0.4358 −0.2491 0.9121

� � �

K̄ = F · L̄ = � � � −0.4358 −0.2491 −0.1121 1.8558

� � �

Ḡ = K̄ + S · R^{−1} = � � � −0.4358 −0.2491 −0.1121 1.8558

� � � = K̄

Γ̄ = A − Ḡ · C = � � � 0 1 0 0.4358 0 0 1 0.2491 0 −0.6 1.5 0.1121 −2 −0.6 1.5 −0.8558

� � �

x̂(t + 1|t) = Γ̄x̂(t|t − 1) + Ḡy(t)

x̂(t|t) = x̂(t|t − 1) + L̄[y(t) − Cx̂(t|t − 1)] randn T = 1000

n(t) w(t) filter n(t) s(t) z(t) W_s W_z z(t) W_z ss2tf

z(t) w(t) y(t) w(t) z(t) z(t) y(t) σ^2_w n(t) w(t) s(·) kalman.m x(t|t) x(t + 1|t) P (t + 1|t) A C F S R ~Q x(t|t − 1) P (t − 1) y(t − 1) y(t) x(·) = [ x_c(·) z(·) ]^T z(t) s(t) x_c(·) C_c P̄ Λ̄ L̄ K̄ Ḡ Γ̄

P̄

P̄_p = � � � 9.5243 10.1831 9.5600 −6.0065 10.1831 11.6854 11.4182 −4.9587 9.5600 11.4182 12.3913 −2.8341 −6.0065 −4.9587 −2.8341 10.3781

� � �

P̄_f = P̄ − L̄Λ̄L̄^T = � � � 6.3535 7.5654 8.0639 −0.5279 7.5654 9.5243 10.1831 −0.4358 8.0639 10.1831 11.6854 −2.8341 −0.5279 −0.4358 −0.2491 0.9121

� � �

[T/2, T ] cov

Σ_f = � � � 6.6644 7.8984 8.4298 −0.5819 7.8984 9.8801 10.5884 −0.4659 8.4298 10.5884 12.1289 −0.2617 −0.5819 −0.4659 −0.2617 0.9583

� � �

Σ_p = � � � 9.8704 10.5797 9.9332 −6.3162 10.5797 12.1222 11.8459 −5.2596 9.9332 11.8459 12.8339 −2.9513 −6.3162 −5.2596 −2.9513 11.2029

� � � σ^2_n σ^2_w

σ^2_n σ^2_w

ciclomain.m σ^2_n σ^2_w n(t) w(t)

trace

σ^2_n σ^2_w σ^2_i

σ^2_n σ^2_w σ^2_n σ^2_w

σ^2_w σ^2_n

σ^2_w/σ^2_n

clear all
close all
clc

sigma_n=1;
sigma_w=1; %da passare come coeficenti
sigma_n2=sigma_n^2;
sigma_w2=sigma_w^2;

%( 1-1.5z^(-1) + 0.6z^(-2) ) s(t) = ( 1 - 2z^(-3) ) n(t);
%s(t)=(z^3-2)/(z^3-1.5*z^2+0.6*z) n(t);

Nwt=[1 0 0 -2];
Dwt=[1 -1.5 0.6 0];
Nw=Nwt/Dwt(1);
Dw=Dwt/Dwt(1);

W=tf(Nw,Dw,-1);
Dc=Nw(1)/Dw(1);

Wm=W-Dc; %m per modico
[Nwm Dwm]=tfdata(Wm,'v');
dim=length(Dwm)-2;

% TF2SS Transfer function to state-space conversion.
% [A,B,C,D] = TF2SS(NUM,DEN) calculates the state-space
% representation:
% .
% x = Ax + Bu
% y = Cx + Du
%
% of the system:
% NUM(s)
% H(s) = --------
% DEN(s)

[Apc,Bpc,Cpc,Dpc] = tf2ss(Nwm,Dwm);

%c per forma standard di controllo
Ac=[zeros(dim,1) eye(dim) ; -fliplr(Dwm(2:length(Dwm)))];
Bc=[zeros(1,dim) 1]';
Cc=fliplr(Nwm(2:length(Nwm)));
% si poteva usare anche ss2tf ma ne forma controllo ne osservabile

A=[Ac zeros(length(Ac),1); Cc 1];
B=[Bc ; Dc];
C=[zeros(1,length(Ac)) 1];
D=[1];

%x(t+1)=Ax(t)+v(t) v(t)= B n(t)
%y(t)=Cx(t)+w(t) w(t)= D w(t)

Q = B*B'*sigma_n2;
S = zeros(length(B),1);
R = D*D'*sigma_w2;

Q_tilde = Q - S*inv(R)*S';
F = A - S*inv(R)*C;

%chiamo delle funzioni che controllano la stabilizzabilita e rivelabilita
%e non guardano solo raggiungibilita e osservabilita

[~,~,stab] = stabilizzabile(F,Q_tilde);
[~,~,rive] = rivelabile(F,C);

% Condizioni iniziali
Z0=0;

% DLYAP Solve discrete Lyapunov equations.
% X = DLYAP(A,Q) solves the discrete Lyapunov matrix equation:
% A*X*A' - X + Q = 0

Sigma_s = dlyap( Ac , Bc * sigma_n2 * Bc' );
Sigma_z = Cc * Sigma_s * Cc' + Dc * sigma_n2 * Dc';
Sigma_sz = Ac * Sigma_s * Cc' + Bc * sigma_n2 * Dc';
Sigma_zs = Sigma_sz';

P0_s = Sigma_s - Sigma_sz * inv(Sigma_z) * Sigma_zs;
P0 = [P0_s , zeros(3,1) ; zeros(1,4) ];

X0 = [Sigma_sz * inv(Sigma_z) * Z0; Z0];

%% Kalman Regime

[P_bar, ~, ~] = dare(F',C',Q_tilde,R);

 %DARE Solve discrete-time algebraic Riccati equations.

    %[X,L,G] = DARE(A,B,Q,R,S,E) computes the unique stabilizing
    %solution X of the discrete-time algebraic Riccati equation
    % -1
    %E'XE = A'XA - (A'XB + S)(B'XB + R) (A'XB + S)' + Q

Lambda_bar = C * P_bar * C'+ R;
L_bar = P_bar * C' * inv(Lambda_bar);
K_bar = F * L_bar;
G_bar = K_bar + S * inv(R);
Gamma_bar = A - G_bar * C;

%% Generazione Traiettorie

T = 10^3;

Nt = sigma_n * randn(1,T);
Wt = sigma_w * randn(1,T);

% FILTER One-dimensional digital filter.
% Y = FILTER(B,A,X) filters the data in vector X with the
% filter described by vectors A and B to create the filtered
% data Y.

St = filter(Nw,Dw,Nt);

% SS2TF State-space to transfer function conversion.
% [NUM,DEN] = SS2TF(A,B,C,D,iu) calculates the transfer function:
%
% NUM(s) -1
% H(s) = -------- = C(sI-A) B + D
% DEN(s)

[Nw_z , Dw_z] = ss2tf(A,B,C,0);

Zt = filter(Nw_z,Dw_z,Nt);

Yt = Zt + Wt;

%save datisimulazione1
%disegna1.m
%load datisimulazione1

%% Kalman tempovariante

P = P0;
X_p = X0;

Vett_X_p = zeros(4,T+1);
Vett_X_p(:,1) = X_p;
Vett_X_f = zeros(4,T);

for i=1:length(Yt)

    [X_p,X_f,P]=kalman(Yt(i),X_p,P,A,C,F,S,R,Q_tilde);
    Vett_X_p(:,i+1) = X_p;
    Vett_X_f(:,i) = X_f;
end

Z_p=Vett_X_p(4,:);
Z_f=Vett_X_f(4,:);

S_f = Cc*Vett_X_f(1:3,:);

%% Kalman regime

P = P0;
X_p = X0;

Vett_X_p_r = zeros(4,T+1);
Vett_X_p_r(:,1) = X_p;
Vett_X_f_r = zeros(4,T);

for i=1:length(Yt)

    X_f = L_bar* ( Yt(i) - C * X_p) + X_p;
    X_p = Gamma_bar * X_p + G_bar * Yt(i);

    Vett_X_p_r(:,i+1) = X_p;
    Vett_X_f_r(:,i) = X_f;
end

Z_p_r=Vett_X_p_r(4,:);
Z_f_r=Vett_X_f_r(4,:);

S_f_r = Cc*Vett_X_f_r(1:3,:);

%save datisimulazione2
%disegna2.m
%load dati simulazione2

%% calcolo varianze

Var_teo_pre= P_bar;
Var_teo_filtr=P_bar-L_bar*Lambda_bar*L_bar';

System=ss(A,B,eye(length(A)),zeros(length(A),1),-1);
t=0:1:T;
 %LSIM Simulate time response of LTI models to arbitrary inputs.

  % LSIM(SYS,U,T) plots the time response of the LTI model SYS to the
  % input signal described by U and T

X=lsim(System,Nt)';

X_2=X(:,T/2+1:T);
X_f_2=Vett_X_f(:,T/2+1:T);
X_p_2=Vett_X_p(:,T/2+1:T);
X_f_r_2=Vett_X_f_r(:,T/2+1:T);
X_p_r_2=Vett_X_p_r(:,T/2+1:T);

% COV Covariance matrix.
% COV(X), if X is a vector, returns the variance. For matrices,
% where each row is an observation, and each column a variable,
% COV(X) is the covariance matrix. DIAG(COV(X)) is a vector of
% variances for each column, and SQRT(DIAG(COV(X))) is a vector
% of standard deviations. COV(X,Y), where X and Y are matrices with
% the same number of elements, is equivalent to COV([X(:) Y(:)]).

Var_err_X_f=cov(X_2'- X_f_2');
Var_err_X_p=cov(X_2'- X_p_2');
Var_err_X_f_r=cov(X_2'-X_f_r_2');
Var_err_X_p_r=cov(X_2'-X_p_r_2');

Var_X=cov(X_2');
Var_X_f=cov(X_f_2');
Var_X_p=cov(X_p_2');
Var_X_f_r=cov(X_f_r_2');
Var_X_p_r=cov(X_p_r_2');

% TRACE Sum of diagonal elements.
% TRACE(A) is the sum of the diagonal elements of A, which is
% also the sum of the eigenvalues of A.

var_X=trace(Var_X);
var_X_f=trace(Var_X_f);
var_X_p=trace(Var_X_p);
var_X_f_r=trace(Var_X_f_r);
var_X_p_r=trace(Var_X_p_r);
var_err_X_f=trace(Var_err_X_f);
var_err_X_p=trace(Var_err_X_p);
var_err_X_f_r=trace(Var_err_X_f_r);
var_err_X_p_r=trace(Var_err_X_p_r);

% EIG Eigenvalues and eigenvectors.
% E = EIG(X) is a vector containing the eigenvalues of a square
% matrix X.

Autoval_Var_X=eig(Var_X);
Autoval_Var_X_f=eig(Var_X_f);
Autoval_Var_X_p=eig(Var_X_p);
Autoval_Var_X_f_r=eig(Var_X_f_r);
Autoval_Var_X_p_r=eig(Var_X_p_r);
Autoval_Var_err_X_f=eig(Var_err_X_f);
Autoval_Var_err_X_p=eig(Var_err_X_p);
Autoval_Var_err_X_f_r=eig(Var_err_X_f_r);
Autoval_Var_err_X_p_r=eig(Var_err_X_p_r);

Autoval_Gamma_bar=eig(Gamma_bar);
Autoval_Gamma_bar=abs(Autoval_Gamma_bar);

Max_Autoval_Gamma_bar=Autoval_Gamma_bar(1);

% calcolo autovalore massimo servira in ciclo main

for i=1:length(Autoval_Gamma_bar)
   if Autoval_Gamma_bar(i)>Max_Autoval_Gamma_bar;
        Max_Autoval_Gamma_bar=Autoval_Gamma_bar(i);
   end
end

'fine'

function [dim_ragg,dim_non_ragg,stabilizzabile] = stabilizzabile(F,G)
            %dim_ragg
            %dim_non_ragg
            %stabilizzabile=0 non stabilizzabile
            %stabilizzabile=1 stabilizzabile

            autoval=roots(poly(F));
            abs_val=abs(autoval);
            val_r1=autoval(find(abs(autoval)>=1));
% CTRB Compute the controllability matrix.
%
% CO = CTRB(A,B) returns the controllability matrix [B AB A^2B ...].

Rag = ctrb(F,G);

            dim_ragg=rank(Rag);
            dim_non_ragg=length(autoval)-dim_ragg;

            stabilizzabile=1;

            if dim_non_ragg==0
                stabilizzabile=1;
            elseif length(val_r1)==0
                stabilizzabile=1;
            else
                for i=1:length(val_r1)
                    matrPBH=val_r1(i)*eye(length(F))-F;
                    matrPBH=[matrPBH G];
                    if rank(matrPBH)==rank(F)
                        stabilizzabile=1*stabilizzabile;
                    else
                        stabilizzabile=0*stabilizzabile;
                    end
                end
            end

function [dim_oss,dim_non_oss,rivelabile] = rivelabile(F,H)
            %dim_ragg
            %dim_non_ragg
            %rivelabile=0 non stabilizzabile
            %rivelabile=1 stabilizzabile

            autoval=roots(poly(F));
            abs_val=abs(autoval);
            val_r1=autoval(find(abs(autoval)>=1));

%OBSV Compute the observability matrix.
%
%OB = OBSV(A,C) returns the observability matrix [C; CA; CA^2 ...]

            Oss = obsv(F,H);

            dim_oss=rank(Oss);
            dim_non_oss=length(autoval)-dim_oss;

            rivelabile=1;

            if dim_non_oss==0
                rivelabile=1;
            elseif length(val_r1)==0
                rivelabile=1;
            else
                for i=1:length(val_r1)
                    matrPBH=val_r1(i)*eye(length(F))-F;
                    matrPBH=[matrPBH ; H];
                    if rank(matrPBH)==rank(F)
                        rivelabile=1*rivelabile;
                    else
                        rivelabile=0*rivelabile;
                    end
                end
            end

function [X_p,X_f,P]=kalman(Y,X_p,P,A,C,F,S,R,Q_tilde)

Lambda = C*P*C' + R;
L = P*C'*inv(Lambda);
K = F*L;
G = K + S*inv(R);
Gamma = A - G*C;
X_f = L*(Y-C*X_p) + X_p;
X_p = Gamma*X_p+G*Y;
P = F*[P - P*C'*inv(Lambda)*C*P]*F'+Q_tilde;

end

clc
close all
clear all

sigma_n2=[0.01:0.01:100];
sigma_w2=ones(1,length(sigma_n2));

%sigma_w2=[0.01:0.01:100];
%sigma_n2=ones(1,length(sigma_w2));

%sigma_n2=[0.01:0.01:100];
%sigma_w2=[0.01:0.01:100];

Max_Autoval=zeros(1,length(sigma_n2));
Vett_var_err_X_f=zeros(1,length(sigma_n2));

Vett_var_err_X_p=zeros(1,length(sigma_n2));
Vett_var_err_X_f_r=zeros(1,length(sigma_n2));
Vett_var_err_X_p_r=zeros(1,length(sigma_n2));
Vett_var_teo_pre=zeros(1,length(sigma_n2));
Vett_var_teo_filtr=zeros(1,length(sigma_n2));

T=10^3;
Nt_tmp=randn(1,T);
Wt_tmp=randn(1,T);

'start'

parfor i=1:length(sigma_n2)
    Nt=sqrt(sigma_n2(i))*Nt_tmp;
    Wt=sqrt(sigma_w2(i))*Wt_tmp;
    [Max_Autoval_Gamma_bar,var_err_X_f,var_err_X_p,var_err_X_f_r,var_err_X_p_r,var_teo_pre,var_teo_filtr] = ciclomain(sigma_n2(i),sigma_w2(i),Nt,Wt);

    Max_Autoval(i)=Max_Autoval_Gamma_bar;
    Vett_var_err_X_f(i)=var_err_X_f;
    Vett_var_err_X_p(i)=var_err_X_p;
    Vett_var_err_X_f_r(i)=var_err_X_f_r;
    Vett_var_err_X_p_r(i)=var_err_X_p_r;
    Vett_var_teo_pre(i)=var_teo_pre;
    Vett_var_teo_filtr(i)=var_teo_filtr;

end

save variazione_n
%save variazione_w
%save variazione_n_w

'fine'

%uso un file per disegnare i grafici
clc
clear
close all

load datisimulazione1

figure(201)
hold on
plot(Nt)
plot(Wt,'r')
title('I due rumori bianchi scorrelati n(t) e w(t)')
legend('n(t)','w(t)');
xlabel('Tempo [s]');
grid on

figure(202)
hold on
plot(Nt,'r')
plot(St)
title('Processo s(.) e suo rumore formante ')
legend('n(t)','s(t)');
xlabel('Tempo [s]');
grid on

figure(205)
hold on
plot(Zt)
plot(Yt,'r')
title('Uscita integratore rumoroso e stato del integratore')
legend('z(t)','y(t)');
xlabel('Tempo [s]');
grid on

%uso un file per disegnare i grafici
clc
clear
close all

load datisimulazione2

figure(101)
hold on
plot(St,'b')
plot(S_f,'k')
plot(S_f_r,'r')
title('Stima Filtrata s(t)');
legend('s(t)','s(t|t) tempovariante','s(t|t) regime');
grid on
xlabel('Tempo [s]');
axis([0 1000 -20 20]);
hold off

figure(102)
hold on
stairs(St,'b')
stairs(S_f,'k')
stairs(S_f_r,'r')
title('Stima Filtrata s(t)');
legend('s(t)','s(t|t) tempovariante','s(t|t) regime');
grid on
xlabel('Tempo [s]');
axis([0 10 -4 8]);
hold off

figure(111)
hold on
plot(Zt,'b')
plot(Z_p,'k')
plot(Z_p_r,'r')
title('Preditore z(t)');
legend('z(t)','z(t|t-1) tempovariante','z(t|t-1) regime');
grid on
xlabel('Tempo [s]');
axis([0 1000 -200 200]);
hold off

figure(112)
hold on
stairs(Zt,'b')
stairs(Z_p,'k')
stairs(Z_p_r,'r')
title('Preditore z(t)');
legend('z(t)','z(t|t-1) tempovariante','z(t|t-1) regime');
grid on
xlabel('Tempo [s]');
axis([0 10 -8 4]);
hold off
figure(401)
stem(Z_p-Z_p_r)
title('Differenza Kalman regime vs tempovariante per z(t|t-1)');
xlabel('Tempo [s]');
axis([0 30 -0.2 0.2]);
grid on

figure(402)
stem(S_f-S_f_r)
title('Differenza Kalman regime e tempovariante per s(t|t)');
xlabel('Tempo [s]');
axis([0 30 -0.15 0.15]);
grid on